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Notea nn singular value deco posmon tur L 54

Recall that 1f A i a symmetnc nxn matrlx then A has real elgenva.luea-f'_ bk

}q, ..,3\,, (poambly repeated), and R" has an orthonnrma.l basis vy,...,v,, g e

_ whare each vector m is an mgemractnr of A mth mgenva.lue M. Then

LS. '-'!:l:,' .. |-.

I where P is the matnx whose columns are v1, e ,v,,,land D i8 the diagonal

! o ' matrix whose diagonal entrles are )«i, b )i ‘Since the vectors vy,... , vy are

 orthonormal, the matrix P i§ arthogonaln il e f"PTP —-II s0we can alternately

wnte the above equatmn 5 i i i" f -!..:-'-"'}-'*

A mngular value decompumtlon. (SVD) 13 a generahzatmn uf thJs where
A 15 an m x n matnx 1wh:tch does not ha,ve to be symmel;nc nr even S‘lﬂﬂfe

.....
¥ i i -'.-.—. |. | I
= T2 L H b € 4 N . | H 1 I - h e
e am —_— - i i E I' = I 4 i i ' o | i 4 2t L el B | ' il |
P Y 1 - 3 TH L i | o " ~ ' '
. T pokl

| = ot L | i oe— s LT
L [ i LI | S Ho id —F

; '_Let A bé an m X n matmt Before explmnu|1g what a smgular value decom—,_l "

pnsmun is, we first need to deﬁne the 51ugula|¢ values of A
== : ! .

" Consider the matrix ATA T}.lIE-. 15| '*m(mmétnc n X n matnx bO 1ts-
mgenvalues are real | |

Willdo
b ]1| I II.I Ly ] i =
ith' exgenvaluc A We mmpute that', ghen

‘--.._: '“'____

Lemma 1. 1 If \ i ts an ezqenuaiuckﬂ |r
l
Praof Let z be anielgenvector nf_fll: A| 1.‘1;}1
llAw\F - (Az) - (Az) = (Am)""m =47 ,le;_y 7::’*"(,\3:) ,\:-u z= ,xumu
Since HA:::|| > (), ﬂ f(l]lm‘.‘} [rmn tho almvo rqmtmn 1]11'5-“ ).H:Lll2 >|0 Snme-:'{".‘l'_' |
|z[|* > 0 (ns our mnvontlnn ¥ tlni mgmwocfmq *no noumm) e, clcduce"! .

that }‘. } U o s =l -f i"i' :7:.:.;% .:ifi"i:.15'-5j:i';',:;1"i"’lr[ "i‘i;':'!ir!.|=:'-fE:_;':J-:*_;_' :,'?:-'* B
: | :. N ' | ,. | | [ r_” 4 Il A Lo -

Aol _

Let Ap.... .4, denote the ugmw.xlum af |1 with' lL]}LtIHOHH [}1der.
these so that A} 2 A 2 2t 2 An 4 [] Lt‘lI _'r‘:_,\/:\w,"bo !;L_ut all,> cn >

| Sl .' 1y
5" :j_ ﬂ'n 2_ U- L _ ' : l| ‘ ‘ l|| 1 | ! .l !I_,.' N
I || 57 r'

—

'-:"-,;'.'Hr Bl

| ..'I-'- -.'i| | I.. | ;iiun I
iy oa g A " N | H . . N | ,
Definition 1.2, The numbers 0y 2 3'z--1 2 0y 20 {.lt;ﬁlu*l ubm ¢ are

called the singular values of 4.

Proposition 1.3, The numhn u_[ HONZeTH wrirﬂf!m uqhm nf 1) quufn !h
rank of A, - | AT
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Proof. The rank of any square matrix equals the number of nonsero eigen-
values (with repetitions), so the number of nonzero singular values of A
equals the rank of ATA. By a previous homework problem, ATA and A
have the same kernel. It then follows from the “rank-mullity” theorem that
AT A and A have the same rank. D

Remark 1.4. In particular, if A is an m X n matrix with m < n, then A
has at most m nonzero singular values, because rank(A4) < m.

The singular values of A have the following geometric significance.

Proposition 1.5. Let A be an m X n matriz. Then the mazimum value of
|Az||, where = ranges over unit vectors in R", is the largest singular value
o1, and this is achieved when z is an eigenvector of ATA with eigenvalue

a2,

Proof. Let vy,...,v, be an orthonormal basis for R" consisting of eigenvec-
tors of ATA with eigenvalues o?. If z € R", then we can expand z in this
basis as
T=ClV1+ '+ Chty (2)
for scalars ¢y, ...,cn. Since z is a unit vector, [|z]|? = 1, which (since the
vectors vy,. ..,V are orthonormal) means that
A4 tep=1

On the other hand,
|Az|? = (Az) - (Az) = (Az)" (Az) = 2T AT Az = z- (A" Ax).

By (2), since v; 1s an eigenvalue of AT A with eigenvalue 0¥, we have

2
ATA.’L' =C J%UI T T Cp0, Uy,

Taking the dot prodoct with (2), and using the fact that the vectors vy, ..., vy

arc orthonormal, we get
- 2 2 2 2
H-‘l.l‘”l =" (4T4I‘) = Hft":l e T ,.Cn- I

Since o7 is the largest singular value, we get
2 o 202 2
|Ax|® < opler +--- F Ch)-
Equality holds when ¢; = 1 and ¢» = +++ = ¢y = 0. Thus the maximum
: : 1 N 2 1 1o A 1O . o) Y e oW
value of || Azf]? for a unit vector 215 a7, which is achieved when » =, 1

imi is AX] Azl where x ranges
One can similarly show that @3 is the maximum of || Azl where x range

over unit veetors that are orthogonal to ¢ (excrcise). Likewise. o3 1S the

maximum of | Ax| where & ranges over unit vectors that are orthogonal tu -

¢y and to; and so forth.
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ngular value decomposition

Let A be nn m x n matrix with mluga 9'1 > g, > R > a-n > d
Let r danote the numbar of nunmro amsular vn.lum of A, or equmlently tlm

'.Da:ﬂnlt:lon 2.1. A alugular value decompositmn of A is & factorlmtion
A= UzVT

;.!:_j;‘:!_: II|| | .| V 13 'a'n n Xn orthogonal matnx

:: §it value oifori=1,...,r. All other entms of ¥ are zero.

i i - E IS an /m X n matrix whose tth diagonal entry equals the smgular'

i '; Example 2 2, fm=mnand Ais symmetnc let A1,...,An be the eigenval-
~ ues of A, ordered so that |A;| > [A2] > -+ > |Aa|- The singular values of A 1
- aregiven by o; = || (exer cise). Let vy,..., v, be orthonormal eigenvectors

: - of A with Av; = A\;v;. We can then take V to be the matrix whose columns[ i I,

& _B.re *ul, .., ¥p. (This is the matrix P in equation (1).) The matrix © 15

I the dmgnnal matrix with dlamnal entries |A1l,...,|As|. (This is almost the

same as the matrix D in equation (1), except for the absolute value signs. )

g Then U must be the matrix whose columns are TU1,...,1U,, where the mgn
?-ff next tn ¥ 15 + when A; 2 0, and — when \; < 0. (Thra is almost tho same

: as P, c}-:ccpi we have changed the signs of some of thc columns.) Rt i

3 HOW t@ ﬁnd a SVD el : I

ﬁnd a SVD uf A | <o el
" Let 1 vy, . b(, an mthﬂunmml l
- of A A wnh mgvnmluv rJ'

':.-:. Lemma 3 1 (ﬂ'/} 4{1" = gr
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3

CE
'
= e
a_r k
4" i
¥
b
'

() (Avy) = (Au)T(Aeg) = T AT Avj = o s = o} (i - v3)
SRR e e e et that [|Avi||? = o2,
S If § = 4, then gince [Ju|| = 1, this cglculatlnntel!sus _ 3
" which proves (a). If i # j, then since v; - v; =0, this calculation shows that
(Aﬂl}-(AvJ) ='0. | | 4 s T n
Theorem 3.2; Let A be an m x n matriz. Then A has a (not unique)
singular value decomposition A = USVT where U and V are as follows:

L1 = sl

-

Li®a Fu k%

da ol

"""--'.. i,

14 e L 2 !

T g ik =

- i -
—

n gl LI

S

i | * .
o The columns of V are orthonormal eigenvectors vy,...,¥n of A* A,
where ATA'IJ,:I= O‘? ;. |

w18 & il . _1 .
o Ifi < 7, so0 that o; # 0, then the it column of U 1s ] Av;. By
- Lemma 3.1, these columns are orthonormal, and the remaining col_umns
- of U are obiained by arbitrarily extending to an orthonormal basis for

AR
~ Proof. We just have to check that if U and V' are defined as above, then
- A=UXVT. If z € R", then the components of VTz are the dot products
~~ of the rows of V7 with z, so

When v.f{:**m_ultipl}f on the left by U, we pet nﬁﬂ_m_ﬁuﬂ] of the columns of U,

weighted by the components of the above vector; so that -

et i B D V= (aypy - a)ay Ary e G T)ap Al peh

L el iy (o e
.......
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65

Since Av; = 0 for § > r by Lemma 3.1(a), we can rewrite the above as
UEVTz = (vy - 2)Avy + - + (v - 2) Avy,
= Anvz+ .+ Av,0T 2
= A(vv] + - v,00 )z

= Az,
In the last line, we have used the fact that if {vy,...,v,} is an orthonormal
basis for R", then vjv] + .- + v,0T = I (exercise). [

Example 3.3. (from Lay’s book) Find a singular value decomposition of

4 11 14
=41 1)

Step 1. We first need to find the eigenvalues of AT A. We compute that

) 80 100 40
ATA=1100 170 140
40 140 200

We know that at least one of the eigenvalues is (), because tlljis matrix can
have rank at most 2. In fact, we can compute that the eigenvalues are
A1 = 360, Ay = 90, and Ay = 0. Thus the singular values of A are o, =
V360 = 610, oy = 90 = 3v/10, and ¢4 = 0. The matrix ¥ in a singular
value decomposition of A has to be a 2 x 3 matrix, so it must be

o (6VI0 0 0
0  3/10 0/

Step 2. To find a matrix V' that we can use, we need to solve for an
orthonormal hasis of eigenvectors of A7 A. One possibility is

-

1/3 ~2/3 2/3
”l — Q/H , Iy = — |/:': . 1 = ——2/3
2/3 2/3 1/3

(There are seven other possibilities in which some of the above vectors are
multiplied by —1.) Then Vois the matrix with ¢y, 1. 02 as columus, that is

13 /s 2/
Voo 2/3. = l,-"’:_i -2/
208, 2 [/3
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L Sy 3 We now ﬁnd the matm: v The ﬁrsi; mlumn of Uis

e -G

The second column of U is '

o3 Avy = : ( .. ) ' ( 1/v10
. 3V10 \9/ ~ \-3/vi0)"
Since U is a 2 x 2 matnx, we do not need any more columns. (If A had only

one nonzero singular value, then we would need to add anoth
U to make it an orthogona.l matrix.) Thus S

(3/\/1_0 1/v/10
1/¥10 -3/ \/E) |

To conclude, we have found the singular value decomposition

(4 1114) (3,5/‘ 1/v/10 ) (ﬁm 0 0) 1/3 -2/3 2/3

7 =)= (s ) (7 ol ) 22 20

T

4 Applications

Singular values and singular value decompositions are important in analyz-
Ing data. |

One simple example of this is “rank estimation” . Suppose that we have
n data points vy,..., vy, all of which live in R™. where n is much larger
than m. Let A be tho m X n matrix with columns vy,... v, . Suppose the
data points satisfy some linear relations, so that ;. v,,fall lie in an r-
dimensional subspace of B, Then we would e.xpett the matrix A to have
rank r. However if the data points are obtained from measurements with
errors, then the matrix A will probably hmé"full rank m. But only 7 of the
singular values of A will be large, and the other singular values will be close
to zero. Thus one can compute an “approximate rank™ of A by counting
the number of singular values w hich arc much I'n-:rm Ih.«m the others, and

one expects the measur ed matrix A m be f_lﬂbe tu a mdtm A’ such that the

rank of 4’ is the “approximate rank” of . 1
For f‘\dllllﬂt‘ consider the nmiln e

------

S R e N P S S R
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I'he matrix A’ has rank 2, because all of its mh:mm are points in the

Space T1 +:€g+:l-'3 ={ (bnt the columns do not all lie in- a l-dlmenaimul
mhpace) Now suppose we perturb A’ to the matrix
o 101 201 -2 299

A=|-401 001 101 2.02
301 -199 1 -498

This matrix now has rank 3. But the eigenvalues of AT A are
o1 % 58.604, o3 ~10.3973, o2 ~0.00029, o2 =0.
‘Since two of the singular values are much larger than the others, this suggests

that A is close to a rank 2 matrix.

For more discussion of how SVD is used to analyze data, see e.g. Lay’s
~ book.

5 Exercises (some from Lay’s book)

1. (a) Find a singular value decomposition of the matrix 4 = (g ;1)

(b) Find a unit vector x for which ||Az| is maximized.

2. Find a singular value decomposition offA = (g g _?2)

3.: (a) Show that if A is an n x n symmetric matrix, then the singular
values of A are the absolute values of the eigenvalues of A.
(b) Give an example to show that if A is a 2 X 2 matrix which is
not symmetric, then the singular values of A might not equal the
absolute values of the eigenvalues of A.

4. Let A be an m X n matrix with singular values oy > 09 > ... > 5, > 0.
Let v; be an eigenvector of +1" A with ele;eumlue 07 Show that o9 is
the maximum value
that are orthogonal to vy.

S over unit vectors in B™

9. Show that if {uy, ..., i, } 18 an orthonormal basis for B". then
- e
(R, O fjh'b” _':-'I.

. Let A be an m x » matrix. and lv'et P he ATl urthﬂg.,audl 71X M MAtrix.
Show that A has the same wmﬂ'uhu ml11e-~ as- ~1

_—_
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