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DIFFERENTIAL EQUATIONS OF HIGHER ORDER

Introduction :

Differential Equations are extremely helpful to solve complex mathematical problems in
almost every domain of Engineering, Science and Mathematics. Engineers will be
integrating and differentiating hundreds of equations throughout their career, because these
equations have a hidden answer to a really complex problem. Mathematicians and
Researchers like Laplace, Fourier, Hilbert etc., have developed such equations to make our
life easier. Various Transforms from Time Domain to Frequency Domain or vice versa in
Engineering is only possible because of Differential Equations. In real life situations, people
use such equations for solving complex fluid dynamics problems, and finding the right
balance of weights and measures to build stuff like a Cantilever Truss. Other applications
include free vibration analysis, Simple mass-spring system, Damped mass-spring system,
forced vibration analysis, Resonant vibration analysis, simple harmonic motion, simple
pendulum, pressure Change with altitude, velocity profile in fluid flow, vibration of springs,

Discharge of a capacitor, Newton’s second law of motion and many more.
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i +P1(X)Fn¥
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Definition: An equation of the form A

n-2

n-2
+P,(x) gx—y +..+P (x)y = Q(x) where

P, (x),P,(x),P;(x)...P,(x)and Q(x) (functions of x) are continuous is called a linear

differential equation of order n.

Linear Differential Equations With Constant Coefficients

n

d"y
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Def: An equation of the form = +P,—=
dx dx

+P, +...+P y=Q(x)where P,P,,P;...P ,

are real constants and Q(x) is a continuous function of x is called an linear differential

equation of order ‘ n’ with constant coefficients.

Note:
2 n
1. Operator D = 4 pe- d—z; IS L.
dx dx dx"
dy ., d’y d"y
Dy = ==, D%y =—= ;. D"y =
Y dx Y 2 y dxn

2. Operator %Q = Ide ie D'Q is called the integral of Q.
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To find the general solution of f(D).y = O:
Here f(iD)=D"+PD""+P,D"?+.. +P_ is a polynomial in D.
Now consider the auxiliary equation: f(m) = 0

i.e fim)=m"+Pm" +P,m"?+...+P, =0

where P,P,,P,...P, are real constants.

Let the roots of f(m) = 0 be m;,m,,m,...m,.

Depending on the nature of the roots we write the complementary function
as follows:

Consider the following table

S.No Roots of AE Complementary function(C.F)
fm) =0

1. mi,my, ..Mn y. =ce™ +c,e™ +.. .ce™
are real and

distinct.

2. mai, my,..mp and
two roots are y. = (¢, +c,)e™ +c,e™ +...c e™
equal Ie.,
my, my are equal
and real (i.e
repeated twice)

&the rest are

real and
different.
3. mi, my,.. My are y. = (c, +e,x +e x?)e™ +c,e™ +...c e™

real and three
roots are equal
e, mymz,ms
are equal and
real (i.e repeated
thrice) &the rest
are real and
different.
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4. Two roots of y, = e (c,cospx +c,sinPx) +c,e™ +...c e™
A.E are

complex say g

+if,a —if

and rest are real

and distinct.

5. If a+if are Y, =e™[(c, +C,X)cosPx + (¢, +¢,x)sinfx | +ce™ +...ce™
repeated twice
& rest are real
and distinct

6. If aziff are y, =e™ [(Cl +C,X +€,X°)CcosPx + (¢, +e x +C6X2)Sin[3x:|
repeated thrice +e,e™ +. . ™

& rest are real
and distinct

7. If roots of A.E. y, =e” [ClCOSh\/BX+czsinh\/ﬁx]+c3€m3x+ ....... Feo e
irrational say

a+t,/f and rest

are real and

distinct.

Solved Problems
dly  gdy .
1. Solve-—=-3-"+2y =0
Sol : Given equation is of the form f(D).y = 0

Where f(p)=(D*-3D+2)y=0
Now consider the auxiliary equation f (m) = 0

f(m =(m*-3m+2y=0=>(m-1)(m—-1)(m+2) = 0
>m =1,1,-2
Since m; and m,are equal and m, is -2
Ve = (1 + cpx)e* + cze™ 2%
2. Solve (D*-2D%-3D*+4D +4)y = 0
Sol : Given f(D) = (D*-2D*-3D?*+4D + 4)y = 0 ...(1)

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) [ulits




Auxiliary equation is f(m) = 0
=m*-2m®-3m?+4m+4=0 (2)
By inspection m + 1 is its factor.
(m+1)(m*-3m®+4)=0 ...(3)
By inspection m+1 is factor of (m®-3m?*+4).

- (3) is (m+1)(m+1)(m’-4m+4)=0

= (M+1)*(m-2)>=0

=>m=-1,-1,2,2

Hence general solution of (1) is

y = (¢, +C,x)e™ +(c; + ¢, x)e*

3. Solve (D*+8D*+16)y = 0
Sol: Given f(D) = (D*+8D?>+16)y = 0
Auxiliary equation f(m) = (m*+8m?+16) = 0
(m*>+4)>’=0
(m+ 20)?(m+20)?= 0
m= 2i,2i,—2i,—-2i
Here roots are complex and repeated

Hence general solution is

ye= [(c1tcax)cos2x + (c3 + c4x)sin2x)]

4. Solvey”" +6y"'+9y = 0; y(0) = —4,y1(0) = 14
Sol:  Givenequationis y” + 6y"'+9y = 0
Aucxiliary equation f(D)y = 0= D?+6D +9)y = 0
A.equation f(m) = 0 = (m*+6m +9) = 0
=>m = —-3,-3
yc = (c1+cax)e ™ —mmmmmmmeeeeeeeee > (1)
Differentiate of (1) w.rtox = y' = (cit+cax)(—3e*) + c2(e™)
Giveny' (0) =14 = ¢l = —4&c2 =2
Hence we get y = (—4 + 2x) ()
5. Solve 4y"" + 4y" +y' =0
Sol : Given equation is 4y"" + 4y" +y' =0
That is (4D3+4D?+D)y = 0
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Auxiliary equation f(m) = 0
4m3 +4m?+m = 0

m(4m? +4m + 1) = 0 =>m(@2m+1)° = 0

m=0,-1/2,-1/2
y =c1+ (c2+ c3x) e™?
6. Solve (D’—3D +4)y = 0
Sol : Given equation (D>’—3D +4)y = 0
AE.is f(m) = 0
m?-3m + 4 = 0

. 3+./9-16 _ 3+i7

2 2

a+if =§iiﬁ
2 2
G

y=e? (clc057x +¢,5IN ~—X)
To Find General solution of f(D)y = Q(x)
Itisgivenby y = yc+ yp
e,y = C.F+P.1I

Where the P.I consists of no arbitrary constants and P.I of f (D) y = Q(x)
Is evaluated as

1
P.1 :mQ(X)

Depending on the type of function of Q (x) , P.I is evaluated .

] 1
1. Find =(x?
D( )

1 x3
Sol : —(x?) = | x%dx = =
= (<) | 5

2. Find Particular value of L(x)
D+1

. 1 — AX X .- 1 _ _
Sol : —(q=e [ xe*dx (By definition —Q = ™ [ Q e~**dx
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= e (xe* -¢e")

=x—-1

General methods of finding Particular integral :

P.lof f(D)y = Q(x), when % is expressed as partial fractions.

1. Solve (D* +a%)y = secax

Sol : Given equation is ...(1)
Let f(D) =D*+a’

The AEis f(m) = Oie m*+a*=0 ...(2)

The rootsare m = —ai, —al

Y, = C,cosax +c,sinax

y——secax—i Al e secax ...(3)
P D?+a’ 2ai| D-ai D+ai

1 - o [ COSAX -isinax
——secax = '™ [secaxdx = ™ [ /2" dx
D-ai cosax

=™ [(1-itanax)dx = e™ {X +L |09C053X} (4
a

Similarly we get

- i
secax = ™| x - —logcosax ...(5
+ai [ a g } )

From (3),(4) and (5), we get

y, = i{eia" {x 41 Iogcosax} g™ {x . IogcosaXH
2ai a a
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X(eiax _ e-iaX) iax + e-iaX)

=+ iz (logcosax) (e
2ai a

X . 1
= gsmax + =z cosaxlog(cosax)
.. The general solution of (1) is

. X . 1
y =Y, +Yy, =c,cosax +c,sinax + gsmax + a—zcosaxlog(cosax)

Rules For Finding P.l In Some Special Cases

Type 1: P.1 of f (D)y = Q(x) where Q(x) = e?*, where ‘a’ is constant.

_ 1 _ 1 w1 &
Casel.P.I—ﬁ.Q(x)—ﬁe —@e

When f(a) # 0
i.e In f(D), put D = a and Particular integral will be calculated.

Case 2: If f(a) = 0 then the above method fails. Then if f(D)=(D-a)" ¢(D) (ie ‘a’ is

repeated root k times).
Then P.I = ieax lxkprovided #@) =0
' @ k!
Type 2: P.I of f(D)y = Q(x) where Q(x) = sinax or Q(x) = cosax where ‘a’ is constant

then P.I = LQ(x).

f(D)
Working Rule :
Case 1: In f(D) put D* =-a*>f(-a") #0 then P.I = :En;):'

Case 2: If f(—a? = 0 then D%+ a? is a factor of ¢(D?) and hence it is a factor of f(D).
Then let f(D) = (D* +a*)¢(D?).

sinax: sinax _ 1 sinax _ 1 -xcosax
f(D) (D*+a®)§(D?) ¢(a°)D*+a’ 4(-a°) 2a

Then

cosax _ cosax 1 cosax _ 1 xsinax
D) (O +a’)g(D) ¢(a’) D'+a’ ¢(a) 2a
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Type 3: P.l for f(D)y = Q(x) where Q(x) = xX where k is a positive integer, f(D) can be
expressed as f(D) =[1+¢(D)]

1 1 4
Express ) = ) =[1+¢(D)]
1
Hence P.] = ————
ence 1= 4(D)] Q(x)

=[1£4(D)] " x"
Type 4: P.l of f(D)y = Q(x) when Q(x) = e®V where ‘a’ is a constant and V is function

of x. where V' = sinax or cosax or xK

-1
ThenP.I = ) QX)

= i e*V
f(D)

= e™ ! V|& ! V is evaluated depending on V..
f(D+a) f(D+a)

Type 5: P.lof f(D)y = Q(x) when Q(x) = xV where V is a function of x.

Then P.1 ZLQ(X)

f(D)
-1y
f(D)
= X-if'(D) LV
f(D) f(D)
Type 6:P.l.of f(D)y = Q(x) where Q(x) = x™ v where v is a function of x.
1 1 .
When P.I. = ——xQ(X) = ——X"Vv, where v = cosax or sinax
P o) M o)
i P.I. =1 sinax = 1P.of —_ x"e™
f(D) f(D)
i, P = —xMcosax = R.P.of — x"e™
f(D) f(D)
Formulae
1. $= Aa-Dt=1+D+D’+D°+ - ————————————

1
2. —=1+D)'=1-D+D?>-D3+ ———————— ——
1+D

1
(1—-D)*
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1

4. =1+4+D)*=1-2D+3D>—4D*+ —————— — —
(1+D)°?

5. ——=(1-D)°=1+3D + 6D?+ 10D+ — —— ——
L4 .-I

6. ——=(1+ D)3=1—3D + 6D?—10D%+ ———— — — — —
(1+D)®

Solved Problems

1. Solve (4D*-4D+1)y =100

Sol : AEis 4m?-4m+1=0=>(2m-1)>=0=m= 31

N |-

C.F=(c, +c,x)e?

100 _ 100e* _ 100

Now P.I = 5 = - 5
4D°-4D+1 (2D-1) (0-1)

=100 { since 100e™ =100}

X

Hence the general solutionis y=C.F+P.F=(c, + czx)eE +100

2. Solve the differential equation (D® +4)y =sinh2x +7.

Sol : Auxillary equation is m*+4 =0
=m’=-4=m=£2i
~.C.Fisy, =c,cos2x +¢,sin2x ...(1)

To find P.l:

Y, = o7 +4(sinh2x+7)

22X + -2X
_ 21 e~ +e 4760
D°+4 2

er l e—2x eO
+= +7
D?+4 2D*+4 (D*+4)
e2x e-2x 7

= + +
2(4+4) 2(4+4) (0+4)

-1
>

2X -2X
S e T Lok L )
6 4 8 4
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Y=Yy,
. 1. 7
= C,C082X +C,Sin2X + gsmh2x + 2
3. Solve (D+2)(D-1)*y =e™ +2sinhx

Sol : The given equation is

(D+2)(D-1)%y = e + 2sinhx (D)
This is of the form f(D)y = e + 2sinhx

AEis fm=0=mM+2)(m-1)?=0.m=-2,1,1
The roots are real and one root is repeated twice.
- C.Fisy, =c,e™ +(c, +c,x)e".

_e®+2sinhx _ e +e*-e* =y +y o
"~ (D+2)(D-1)* (D+2)(D-1)*? " R

e—2x

Now =
o = D+2)(D-1)

Hence f(-2) = 0. Let f(D) = (D-1)°. Then ¢(2) =0 and m=1

Ly = e7X _ xe
h9 9
and y :L Here f(1)=0
2 (D+2)(D-1)°
_e'x® _ x%*
(32! 6
e-X
d = -
o = D2 D1
Putting D = —1, wegety = e =§
’ 2" 4
- The general solutionis y =y +y, +y, +y,
. . . xe®  x%* e*
e y=ce” +(c, +c,x)e" + + 4

4. Solve the differential equation (D* + D+1)y =sin2x.

Sol: AEis m>+m+1=0

1+4/1- 14+ +/30
_pelt 14:1_J§|

2 2
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yczez(c cosX;/_+c smi] (D)

To find P.1 ;

_sin2x  _ sin2x
Yo T D7iD+1 4+D+1
_sin2x _ (D +3)sin2x _ (D +3)sin2x

D-3  D?-9 -4-9
_ Dsin2x +3sin2x _ 2c0s2x + 3sin2x
-13 -13

B, B
g

Y=Y Y, = e? (clcosT +c,sin - % (2cos2x + 3sin2x)

5. Solve (D? -4)y = 2c0s’x

Sol : Given equation is (D -4)y = 2cos*x (D)
Let f(D)=D?-4 AEis f(m)=0 i.e m*-4=0
The roots are m = 2, —2. The roots are real and different.

. — — 2X -2X
~CF=y.,=ce” +ce

Pl=y, = ﬁ(Zcoszx) ~ ﬁ(l+ C0S2X)

e”™  cos2x
= —D2 2 +—D2 N, = P.|1+P.|2
eOX e()X 1

P'Il:ypl :m [Put DZO] = 2 :'Z

[Put D> =22 =-4]

Pl = _ C0S2X _ €0S2X
==Y T g
~. The general solution of (1) is y =y +y, +Vy,

1 cos2x

— 2 -2

y=ce”+c,e”-=-
4 8

6. Solve (D*+1)y =sinxsin2x

Sol : Given D.E is (D? +1)y = sinxsin2x

AEis m*+1=0=m=+4i

The roots are complex conjugate numbers.
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C.Fis y, =¢,cosx +C,Sinx

w.k.t 2sinAsinB=cos(A-B)—cos(A+B)

_ sinxsin2x _ 1 cosx - €os3x
- (D*+1) 2 (D*+1)

=P.I,+P.,

1 cosx
Now Pll :Em

Put D®=-1weget D°+1=0

~PA = 1 xsinx _ xsinx [ Case of failure: cgsax = isinax}
2 2 4 D°+a 2a
and P.l, = _1_c0233x
2D +1

Put D? = -9, we get

Pl = 1 cos3x _ cos3x
2 29+1 16

General solution is

XSinx N €0S3x
16

7. Solve the differential equation (D?-3D*-10D+ 24)y = x+3.

Y=Y, +Y,, +Y,, = CLOSX +C,8inX +

Sol : The given D.E is (D*-3D*-10D+24)y = x+3
AEis m*-3m?-10m+24=0
=m=2 is a root.

The other two roots are given by m*-m-2=0
= (mM-2)(m+1)=0

=m=2 (or)ym=-1
One root is real and repeated, other root is real.

C.Fis y, =e*(c, +¢,X) +c,e™
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y = X+3 _1 x*+3
P (D*-3D*-10D + 24) 241 D*-3D*-10D
24
r 3_an2 . 1
:i 1+D”-3D°-10D (x+3)
24| 24
B 3 2
:il- D®-3D*-10D (x+3)
24_ 24
1] 10 24x+82
= — | X+3+— [
24_ 576

General solutionis y =y +y,

24x +82

= y=e*(c, +Cc,X)+ce” +
y=erlrexre, 576

8. Solve the differential equation (D?-4D +4)y = e* +x* +sin3x.

Sol: The AEis (m*-4m+4)=0=(m-2)*=0=>m=2,2

Y. = (¢, +c,x)e” (1)

Tofindy, :y, = (e* +x* +5sin3x)

D?-4D+4

e x? sin3x

= + +

(D-2) (D-2)? D?-4D+4
_xXE x? sin3x
=—e”+ +

2! 4[1 Dj -9-4D+4

=X—e2X+1(1 j o2 _(4D-5)sin3x
2 4 (5+4D)
X e, 1 1+2D 3D2 2. (4D-5)sin3x
2 16D?*-25
_X* o X* X 3 (12c0s3x-5sin3x)
= X4 4245
2 4 2 8 -144-25
2 2
X g X +x+§ (12co0s3x - 5sin3x) Q)
2 4 2 8 169

y=y. +y =(c,+cC x)e2X+:X_262x+X2+§ § (12c0s3x - 5sin3Xx)
o - 4 2 8 169

9. Solve the differential equation (D? +4)y = xsinx.

Sol : Auxiliary equation is m® +4-0=m’ = (2i)?

.. m = =£2i. The roots are complex and conjugate.
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Hence Complementary Function, y_ = c,cos2x +c,sin2x

Particular integral, y, = ﬁxsinx

= P of ———xe”
D +4
:I.Pofeix_;zxﬂ.Pof eix%x
(D+i)*+4 D°+2Di+3
ix 2 1
:|P0fe_ 1+m X
3 3
iX 2 H
ﬂ.Pof%{l-@a.}x

iX

_ e 2 . 2o _
= L.Pof ?(1-§D|jx[D x)= O,etc]
=.Pof 1(cosx + isinx)(x -i Zj
3 3
1( 2 . j
= =] -=cosX + xsinx
30 3
Hence the general solution is
. (. 2
Y=Y, +Y, =C,C082X +C,SIN2X + 3 Xsinx -Ecosx
where ¢, and c, are constants.

Other Method (using type 5): y, = ﬁxsinx

2D sinx
= X-
D?+4)D?*+4

_xsinx  2(Dsinx)

3 3(D*+4)
_ Xsinx 2cosx
3 9

Hence the general solution is

. (N 2
Y=Y, +Y, = C,C082X +C,Sin2x + 3 XSinx -§COSX

10. Solve the Differential equation(D?+5D + 6)y = e*

Sol : Given equation is (D?>+5D + 6)y = e
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Here Q(x) =e*

Auxiliary equation is f(m) = m>+5m +6 =0
m?+3m+2m+6=0
mm+3)+2(m+3)=0
m=—-2orm=-3

The roots are real and distinct

— — -2X -3x
C.F =yc=ce” +c,e

) 1
Particular Integral= yp= —— Q(X
g Vp D) Q(x)

- 1 eX: 1 eX
D°+5D+6 (D+2)(D+3)

PutD = 1inf(D)
I= 1 ¢
(3)(4)

Particular Integral = yp, = %ex

General solutionis y=y_ +y,

A

y=¢ 2 1

11. Solve y"'-4y'+ 3y = 4e* y(0) =-1,y'(0) =3
Sol : Given equation is y"-4y'+ 3y = 4e*

2
ie dy 4d_y +3y = 4e* it can be expressed as

dx’  dx
Dy - 4Dy +3y = 4e>
(D?-4D +3)y = 4e*
Here Q(x) = 4e%*; f(D) = D*—4D +3
Auxiliary equation is f(m) = m*>~4m+3 = 0
m?>—3m — m+3=0

mm—-3) —1(m—-3)=0=m=3o0r1

The roots are real and distinct.

_ - 3x X
C.F=y,=ce”+ce

1
Pl=y, = ﬁQ(X)
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:2;493’(
D°-4D+3

=1 4
(D-1)(D-3)

PutD =3

4e3x 3x

7 (3-1)(D-3)

o9

N

=22 6% = 2xe™
1!

General solutionisy = yc+yp

y =c,e¥ +c,e* +2xe* .(3)
Equation (3) differentiating with respect to ‘x’

y' =3c,e™ +ce* +2e* +6xe™ (4

By data, y(0) = —1,y'(0) =3

From (3), —1=cl+c2 ...(5)
From (4), 3=3cl+c2+2
3cl+c2=1 ...(6)

Solving (5) and (6) weget c1 = 1and c2 = —2
y = =2e*+ (1 + 2x) e*
12. Solve y' +4y'+4y = 4cosx + 3sinx,y(0) = 0,y'(0) =0

Sol : Given differential equation in operator for
(D? +4D +4)y = 4cosx + 3sinx
AEism?+4m+4 = 0
(m+2)>=0 thenm = —2, -2
.CFisy, =(c, +c,x)e™

_ 4cosx + 3sinx

Plissy =—— >~
=% (D*+4D+4)

put D* =-1
y = 4cosx +3sinx _ (4D - 3)(4cosx + 3sinx)
P (4D +3) (4D-3)(4D +3)
_ (4D -3)(4cosx + 3sinx)
16D?-9
_ (4D -3)(4cosx + 3sinx)
-16-9

p

_ -16sinx +12cosx -12cosx -9sinx _ -25sinx _ sinx
-25 -25

. General equation is y = yc+yp
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y = (c, +c,X)e™ +sinx ..(1)

By given data y(0) = 0,c1= 0 and

Differentiating (1) w.r.t ‘x’,y' = (¢, + ¢,X)(-2)e™ +e?*(c,) + cosx ...(2)
given y'(0) =0
Substitute in (2) > —2c1 + ¢c2+1=0 2 = —1

~. Required solution is y = -xe™ +sinx

13.Solve (D?+9)y = cos3x

Sol : Given equation is (D?+9)y = cos3x
AEism*+9 = 0
Som==3i
y. = C.F =c,cos3x + c,sin3x

y =Pl= C0s3X _ C0s3x
P T -

= Lsinsx = 5sin3x
2(3) 6

General equation is y = yc+yp
Y = C,C083X +C,Sin3X + %sin3x
14. Solve y™' +2y"-y'-2y =1-4x°
Sol : Given equation can be written as
(D*+2D*-D-2)y =1-4x°
AEis m*+2m*-m-2=0
(m*-1)(m+2)=0

m?=lorm=-2

m=1,-1,-2
C.F=ce* +c,e” +ce™
P1= D3+2[§2 524 *) IANGE 2D-21 D
- - + -
( ) 2{1-( )}(1-4x3)
2
) 3 2 -1
:g{l_LZDDq (1-4%7)
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B 3 2 3 2 2 3 2 3
-1, (D’+2D°-D)  (D'+2D*-D)°  (D'+2D’-D) +_”}(1_4X3)

2| 2 4 8

Al 1 1 1
:E_1+E(D3 +2D° -D)+Z(D2 -4D3)+§(-D3)}(1-4X3)
='—1{1-§ D* +2 p? -ED}(1-4X3)

217 8 4- 2

-1 5 5 1
=—| (1-4x%) - = (-24) + = (-24x) - = (-12x*
2[( )8( ) 4( )2( )}
_lr s a2
==[-4x° +6x”-30x +16 |
2

=[2x?-3x* +15x -8]
The general solution is
y=C.F 4 P.I

y =ce* +c,e* +c,e™ +[2x° -3x* +15x - 8]

15. Solve (D*-7D? +14D-8)y = e*c0s2x

Sol : Given equation is
(D*-7D? +14D-8)y = e*cos2x
AEis (m®-7m*+14m-8) =0
(m=-1)(m—-2)(m—4)=0
Thenm = 1,2,4

C.F=ce* +c,e™ +ce”

P = e*c0s2x
- (D*-7D?+14D-8)
X 1 1 ax ax 1
=e 3 5 cos2x | Pl=——e"v=eY —V
(D+1)*-7(D+1)* +14(D+1)-8 f(D) f(D+a)
. 1
= —— COS2X
(D°-4D° +3D)

=e' — 12 co
(D?-4D? +3D)

S2X

=e* L cos2x (Replacing D2 with -22)
(-4D +3D +16)
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=g" C0S2X

(16-D)

. 16+D
= C0S2X
(16-D)(16+ D)

« 16+D
=@" ——— C0S2X
256-D

®_(16c0s2x - 25in2x)
260

X

eo (8cos2x -sin2x)

X

¢ 5 (8cos2x -sin2x)

General solutionisy = yc+ yp

X

e i
=ce* +c.e® +c.e™ + ——(8cos2x -sin2x
y=ce*+c, 5 130( )

16. Solve (D*-4D+4)y = x’sinx+e* +3

Sol : Given (D*-4D+4)y = x’sinx+e* +3
AEis (M’ -4m+4)=0
(m-2)*=0 then m=2,2
C.F=(c, +c,x)e*

_X%sinx+e* +3 _
(D-2)* (D-2)*
1
(D-2)?

(x°sinx) + LI

0-27° "o-27®

Now

(x?sinx) = (x*)  (1.Pofe™)

1
(D-2)°

=1.P of Lz(xz)eiX

(D-2)
=1.P of (e‘x);(xz)
o (D+i-2)?

1

I.P of (elx)m

(x*)
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On simplification, we get

(x°sinx) = 6715 [(220x + 244)cosx + (40x +33)sinx |

(D +i-2)2
2
and _12e2X:X—e2X,
(D-2) 2
1 3
- 3 - _
(D-az() 4

2
P.I= L [(220x + 244)cosx + (40x +33)sinx | + X gy 3

625 2 4
y=YctYp

2
y = (c, +C,x)e™ + é [(220x + 244)cosx + (40x +33)sinx | + X? e + %

17. Solve the differential equation (D3 + 1)y = cos(2x — 1).

Sol : Given D.E is (D3 + 1)y = cos(2x — 1)
The AEism3+1=0
= m+1)(m?>—m+1)=0 [a®+b3=(a+b)(a?—ab+ b?)]

1+iV3
>m=—1,
2
x V3 V3
C.F=ce ™+ e?[czcos7x + c3sin7x]
P.I = E 1cos(2x— 1)
Putting D? = a? = —4 then we have
1 1+4D

P.I= mcos(Zx -1) = e [cos(2x — 1)]
Again putting D? = a? = —4 then we have
P.l= é [cos(2x — 1) — 8sin(2x — 1)]
= General solution is

y=C.F+P.I

x V3 . 1 -
y=ce*+e2 €260 —~x + C3Sin—-x + g[cos(Zx —1) — 8sin(2x — 1)]
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Linear equations of second order with variable coefficients

d’y

An equation of the form W+P(x)%+Q(x)y:R(x), where P(x),Q(x),R(x) are real

valued functions of ‘x’is called linear equation of second order with variable coefficients.

Variation of Parameters :
This method is applied when P,Q in above equation are either functions of ‘x’ or real

constants but R is a function of ‘x’.

Working Rule :
1. Find C.F. Let C.F=y_ =c,u(x) +c,u(x)

uRdx
uv'-vu'

vRdx

V-Vvu

2. TakeP.I =y, = Au+ Bv where A = -] andB=]

3. Write the G.S. of the given equation y =y +y,

2
1.Apply the method of variation of parameters to solve % +Yy = cosecx
X

Sol : Given equation in the operator form is (D? +1)y = cosecx ..()
AEis (m*+1)=0
S.m =i
The roots are complex conjugate numbers.
C.Fis y, =C,C0SX +C,SinX
Let yo= A cosx + B sinx be P.I. of (1)

dv  du ) Y,
U—-V—=Cco0s°X+sin“x =1
dx dx

A and B are given by

A= J- vll?dx = _J~S|nxcosecx dx = -Idx _
uv'-vu

B = I ulR ox = '[ COSX.cosecxdx = j cotxdx = log(sinx)
uv -vu

<Y, = -Xcosx +sinx.log(sinx)

. General solutionis y = yc + yp.

Y = C,COSX + C,SiNX - XCOsX + sinx.log(sinx)

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) i3]




MATHEMATICS - |

2.Solve (D?-2D+2)y = e*tanx by method of variation of parameters.
Sol: AEis m*-2m+2=0

_2+4/4-8 _2+i2
2 2

=1+i

We have y_ = e*(c,cosx +C,Sinx) = ¢,e*cosx + C,e"sinx

= ¢, (u) +c,(u)

where u =e*cosx, Vv = e*sinx

<, « dv _
— =" (-sinx) + e*cosx, — = e*cosx + e”sinx
dx dx

dv
ud—-vd— = e*cosx(e*cosx + e*sinx) - e*sinx(e*cosx - e*sinx)
X X

(cos®x + cosxsinx -Sinxcosx +sin®x) = e*
Using variation of parameters,

e*tanx
= I TR I (e sinx)dx
y e

dx dx
HJ
= -Itanxsinxdx :j[sm Xd j j(l cos X)d
COSX COSX
= .[(secx - cosx)dx = log(secx + tanx) - sinx
dv du dx
Uu—-v—
dx dx
a jwdx _ jsinxdx = -COSX
e

General solution is given by y = y. + Au + Bv
i.e y =c,e*cosx +c,e*sinx +[log(secx + tanx) - sinx]e*cosx - e*cosxsinx

or y = c,e*cosx +c,e*sinx +[log(secx + tanx) - 2sinx]e*cosx

3.Solve the differential equation (D?+4)y

= sec2x by the method of variation of
parameters.

Sol : Given equation is (D? + 4) y = sec2x

(1)
~AEism?+44 = 0=>m =+2i

The roots are complex conjugate numbers.
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~yc = C.F = ci1cos2x + c2sin2x
Letyp = P.I = Acos2x + B sin2x
Here u = cos2x,v = sin2xand R = sec2x.
2= 2 sin2x and & = 2 cos2x
dx dx

u Z_Z - VZ—Z= (cos 2x) (2 cos2x) - (sin2x) (—2sin2x)

= 2 c0S22X + 2 sin?2x = 2(cos?2x + sin?2x) = 2

A and B are given by :

sin2x sec2x 1 1 log|cos2x
A= f dv dudX If dx = —Eftaandx= E%
dx dx
log|cos2x
- A = gl |
4
CcoS2x sec2x 1 X
B = [ g Ox = [ S gy = L fdx =2
av_,au 2 2 2
dx dx
loglcostl

~Yyp=P. 1= (cos2x) + = (5|n2x)
=~ The general solution is given by :

Yy = ye+yp= CF. +P.

log |c052x|

lLe.,y = ¢qcos2x + ¢, sin2x + (cos2x) + = (sm2x)

4.Solve (D? + a?)y = tanax by the method variation of parameters.

Sol: Given (D? + a?)y = tanax Ie 2 +a’y = tanax -------- (1)

Now compare equation (1) Wlth >+ p(x) -~ T Q(x)y = R(x) then
P =0, Q(x) = a? and R(x) = tanax

The solution of (1) isy = C.F + P.1

Finding C.F :

The AEof (1)ism?+a?=0 = m=+ai

~ C.F = cicosax + c,sinax = c;u + c,v

Here u = cosax and v = sinax

Finding P.1 : P.] = Au + Bv

fsinaxtanax -1 f sin?ax -1 f 1—cos?ax

a a cosax a cosax
-1
= 7[ secax dx — | cosax dx]
—1 1
A = —log|secax + tanax| + — sinax
a a
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uR
szﬁdx=J
uv. —vu

Therefore

1

.

-1

cosaxtanax )
—_— sinax dx = — cosax
a

a

P.l =Au+ Bv = (;—;loglsecax + tanax| + a—lzsinax) cosax +
(_—i cosax) sinax

a

Therefore the general solutionisy = C.F + P.1
y = cicosax + cysinax + (;—;loglsecax + tanax| + a—lzsinax) cosax +

i.e

-1 .
(E COSCIX) sinax

Equations reducible to linear ODE with constant coefficients :
Cauchy-Euler Equations (Homogenous Linear Differential Equation)

A linear differential equation of the form
dmn 3 dn—l
apx™ ( y/dxn) +a;x" ! ( y/dxn—1) +

i.e,(apx™D" + ax™ D" 1+ ..+ q, 1xD+ a,)y=X, whereD = d/dx

where a,,a,,a,, .....a, are constants and X is either constant or a function of x only is called

a homogenous linear differential equation .These are also known as Cauchy — Euler equations.
Method of solution of homogenous linear differential equation

(agx™D™ + a;x™ D" 1+ + a, xD+ a,)y=X.....(1)

In order to solve (1) introduce a new independent variable z such that

or sothat 1/, = 47/,

logx =z

dy _dy dz _ 1dy

dy

or x =
dx

d?y

Again—; =

dx?
1 dy

x2 dz

or

dx

dy

dz
d

dx

x*D? = x

(

1d
x dz

dz "dx

or

d_Y) _
dx/)
(&)
dz

2d%y _

dx2

d
dx

(

dz
Tdx

d’y dy
dz?

xdz ’

1 dy

x2 dz

1d (dy)
x dx \dz

, by (2)

1dy) _
xdz)
1 d%y

x2 dz?

(D, — D))y = D;(D; — Dy ...

1 dy

x2 dz

dz

(5)

and so on, proceeding likewise , we can show that

dTl
xnp" = xn&Y

dx™

= D1(D1 - 1)(D1 —-2)

(D; —n+1)y

Substituting the above values of x,xD,x?D?,x3D3 .......x"D™ in (1) and thus changing the

independent variable from x to z , we have
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lapD;(D; —1)....(D;, —n+ 1)+ +a,_,D;(D; — 1)+ a,_1D, +a,ly=2
or f(DYy=2 ... (7)
Where Z is now a function of Z only .
Working rule for solving linear homogenous differential equation
(apx™D"™ + a;x™ D" 1+ .-+ a,_xD+ a,)y=X ... (1)

Step I:Put x = e? or z=Ilogx, wherex >0

Step II: Assume that D, = ;—Z and D = ;—x . Then we have

xD = D; x*D? = D,(D, — 1), x3D3 = D,(D, — 1)(D, — 2) and so on.
Then (1) reducesto  f(D;)y = Z, where Z is now function of zonly  ......... 2
Step Il :  (2) gives the general solution y=0(z) ... (3)
Since z = logx, the desired solutionis y = @(ogx)x >0 ... €))

Solved Problems:
1. Solve the following differential equations:
i) x%y, +y=3x?
i) xys+ 2= s
i)  (x?D? —3xD + 4)y = 2x*?
iv)  x?D?-2y= x?+ (1/x)

Sol. i) Given x2%y,+y=3x%? or ((x?D?*+ 1)y =3x* whereD = d/dx
Letx = e? and D, = d/dz so that x2D? = D,(D, — 1)

(1) = [Dy(D; — 1) + 1]y =3e% or (D;*— Dy + 1)y =3e?
Its auxiliary equationis ~ D;* — D; +1=0 sothat D, = (1+iV3)/2

CF=e’l [cl cos(Z\/g/Z) + ¢ sin(Z\/g/z)] = (ez)% [c1 cos(Z\/g/Z) + ¢, sin(Zﬁ/z)]

= x% [cl cos {(?) logx} + ¢, sin {(?) logx }] asx = e”

c; and c,being arbitrary constants

1 1
——— 3e%2 =3 -
D1%2-Dy+1 22241

Pl = e?? = (ez)z = x?2

Hence the general solutionis y =C.F + P.I

e, y = x% [(:1 cos {(?) logx} + ¢, sin {(?) log x }] +x2

R 3 (By 2 (4% _ 303 4 422y — =2
Sol.ii)Givenx (dx3)+ X (dxz)—x or (x3D3®*+x*D?)y=x, D = (1)
Let x = e* (orz= logx) and D, E;—Z
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So that x2D? = D;(D; — 1) ,x3D3 = D;(D; — 1)(D; — 2). Then (1) transforms to

[D;(D; — 1)(D, —2) + D;(D; —1)]y = e? or (D> —2D,*>+ D,)y =e”

~ Auxiliary equation is D,>-2D,*+D, = 0 sothat D, =0,1,1

CF=ce’ + (¢, + c32)e? =c; + (c; + c3logx)x,ase? =x and z = logx
1

1 1 1 1
Pl=—5—5—e? = ————¢% = e? ,as —e?= [e?dz=e?
D{°-2D1°+D; (p1-1)2 D, (D;-1)2 Dy

= (*/,)0ogx)? ,since x = e? and z = logx
The required solution is y = ¢; + (c; + c3logx)x + (x/z)(logx)2 :
€1, C; and c3 being arbitrary constants
Sol.iii) Given (x2D? — 3xD + 4)y = 2x* ... ()
Letx = e? (orz = logx) and D, = d/dz . Then (1) becomes
{D,(D; — 1) — 3D, + 4}y = 2e?? or (D, — 2)*y = 2e??
Its auxiliary equationis (D, —2)? =0 sothat D; = 2,2
W CF=(c+ cpz)e?2 = (c;+c2)(€%)? = (cy +c,logx)x? ,sincex = e?andz =
logx

P.l :(DliZ)z 2e%% = 2 e?? =z%(e?)? = (logx)?x?

Hence the required solutionis y=C.F+P.l,

i.e,y=(c; + c,logx)x? + (logx)?x?

Sol.iv) Given (x2D? — 2)y =x? + x~1 where D = d/dx .......... (1)
Let x = e? (orz = logx) and D; = d/dz . Then (1) becomes
{D(D;—1) —2ly=e**+e%or (D> —D, —2)y =e¥* +e?

Its auxiliary equation is D, — D, —2=0 sothat D, =2,—1

ZC.F= ce??+ e ?=ci(e?)? +cy(e?) P =cyx? + cpx7 1 asx = e?

— 1 2z -z = 1 2z 1 -z
P D1?-Dy1-2 (€® +e™) G T oenm ©
11 101, 1 1z _, 1 _
= —e?? ez =2Lp22 _ ~Zo-7 = Zlogx (x2+x71) ,asx = e
D1—2 2+1 Di+1-1-2 31! 31! 3
. . _ 1 —
Solution is y= x?+cxt + Slogx (x%2+ x~1), where

c1,C; are aribitrary constants

2. Solve x3 ( )+3 2(dy)+x—+y— logx + x
Sol. Given (x3D3 + 3x2D? + xD + 1)y =logx +x where D = d/dx (D)
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Letx = e? (orz = logx)and D, = d/dz . Then (1) becomes

[D;(D; —1)(D, —2) + 3D;(D; — 1)+ D, + 1]y =z + eZor (D13 +1Dy=z+ e*
lii\/§)

2

Its auxiliary equation is(D;> + 1) =0 sothat D, = —1 ,(

CF= Cle—z + eg(cz cos(gz)+c3 sin(?z))

1 V3 . (V3
_ ~|c cos(—)lo x+c sm(—)lo x]
=cx 1+ xz[ 208\ ) OB T G ST ) 08

_ 1 P _ 1 = 1 _ 1 P 3\~ 1
Pl=cas(z+ e?) sgsqe’+ 52 p e + (1+D,°) =z

eZ

1 X
=Eez+(1—D13+---..)z= 5 tz= S +logx

= The required solution is y= C.F+ P.I

1[c cos(ﬁ)logx+c sin(ﬁ)logx] x
y = cix b+ x2l 2 \z STz +- +logx

3. Solve (x2D? — xD + 2)y = xlogx

Sol. Given (x2D? — xD + 2)y = xlogx where D = d/dx ......... (1)
Letx = e# (orz = logx)and D, = d/dz . Then (1) becomes

[Dl(Dl - 1) - Dl + Z]y = ZeZ Or (D12 - 2D1 + Z)y = ZeZ

auxiliary equation is D, —=2D;+2 =0 giving D, =1+
. C.F = e?(c,; cosz + ¢, sin z) = x(c; cos(logx) + ¢, sin(logx)) , where ¢, c, are

arbitrary constants

1 1 1
P. =2—zez =e* Z = ef——.z
D1%=2D1+2 (D1+1)2=2(D;+1)+2 Di%+1

= ez(l + Dlz)_l.z = ez(l — D%+ )Z = e”.z = xlogx , using (1)
= The required solution is y= C.F+ P.1

y = x(c; cos(logx) + ¢, sin(logx)) + xlogx

4. Solve x3 (g) + 2x2 (%) +2y =10(x + 1/4)

Sol. Given (x3D3 + 2x2D? + 2)y = 10(x + x~Y)where D = d/dx ........ (1)
Letx = e? (orz = logx) and D, = d/dz . Then (1) becomes
[D,(D, — 1)(D, — 2) + 2D;(D; — 1) + 2]y = 10(e? + e7?)
(D,®> =D, +2)y=10e? + 10e”2 .. )
A.Eof(2)is D,®>—-D;*42 =0 givingD; = —1,14+

~C.F=cie™? + e?[c,cos(z) + c3sin(z)] = ¢;x™ 1 + x(c, coslogx + ¢5 sinlog x)

DEPARTMENT OF HUMANITIES & SCIENCES OMRCET (EAMCET CODE: MLRD) iy




MATHEMATICS - |

1 Z— 1 zZ — 1 zZ —
P.I coressponding to 10 e?= 10 D D(B220117) e? =10 a2 = 5x
. Y 1 e 1 1,
P.I coressponding to 10 e = 10 TR T IVEY e ? = DD Tizez
=21 e 7=2¢2 1=2e7%= 1=2¢%z
(D1+1) D;-1+1 Dy
=2x"tlogx

= The required solution is y = C.F+ P.1

y = ¢;x7 1 + x(c, coslogx + c3 sinlogx) + 5x + x logx

Equations reducible to homogeneous linear form- Legendre’s | inear equation
A linear differential equation of the form

[ag(a+ bx)"D™ + a,(a + bx)* D" 1 + ... +a,_;(a+bx)D+ a,]ly=X, ........(1)
Where a,b,ay, a,,a,, ... .....a, are constants and X is either a constant or a function of x only,
is called Legendre’s 1 inear equation. Note that the index of (a + bx) and the order of
derivative is same in each term of such equations.

Method of solution: To solve (1), introduce a new variable z such that

a+bx=e* or logla+bx)=2z......(2)
_a -
Let D, = — and D= PR ...(3)
dz _ b
From (2), we have T T Tapn 4)
L4y _dydz b dy
L= e ,using (4) ......... (5)
> (@+bx)2=bZ = (a+bx)D=bD;.......... (6)
d (dy d ( b dy .
Agam d dx? dx (dx) dx (a+bx E)' using (5)
3 b? dy N b d (dy) b? dy N b d (dy) dz
~ (a+bx)?dz  a+bxdx\dz “(a+bx)?dz  a+ bxdz\dz/dx
_ b ay b d*y b .
T (a+bx)? dz T a+bx dz? a+bx ' usmg(4)
d*y d’y dy
= (a + bx)2 I = b? <E - E) = (a + bx)?D?*y = b?>(D? — D,)y
S (a + bx)ZDZ = bZDl(Dl - 1) ......... (7)
Similarly, (a + bx)3D3 = b3D,(D; — 1)(D; — 2) ... ... .....(8) and so on.

Proceeding likewise, we finally have
(a + bx)nDn = anl(Dl - 1)(D1 - 2) PP (D1 -n+ 1)
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Substituting the above values of (a + bx)"D", .......(a + bx)?D?,(a + bx)D etc in (1), we
have

l[agh™D,(D; —1)(D; —2) ... (D; —n+ 1)+ . +a,_1bD +a,ly=12Z,.......... 9)
Which is a linear differential equation with constant coefficients in variables y and z; Z is now
function of z only and is obtained by using transformation (2) by replacing x by ezb-a_

Let a solution of (1) be y = F(z). Then, the required solution is given by

y = F(log(a + bx)), as log(a+bx) =1z

Working rule for solving Legendre’s | inear equation, i.e.,

[ag(a+ bx)"D™ + a,(a + bx)* D" 1 + ... +a,_;(a+ bx)D + a,]ly =X, ........ (1)
Where a,b,ay, a4, a,, ... .....a, are constants and X is either a constant or a function of x only
and D= :—x
Step I : Introduce a new variable z such that

a+bx=e* or logla+bx)=2z......(2)
Step Il: Assume that D; = ;—Z .Then, we have
(a+ bx)D =bD,, (a+ bx)?D?=b%D,(D; —1),(a+ bx)3D3® =b3D,(D, —1)(D; —2)
and so on.

As a particular case , when b = 1, we have
(a + x)D = Dl’ (a + x)zDz = Dl(Dl - 1), (a + x)3D3 = Dl(Dl - 1)(D1 - 2) a.nd SO on.

Then (1) reduces to f(D;)y = Z, where Z is now function of z only. ... ... ... ....(3)

Step 111 : We now use the methods of Chapter 5 to slove (3) and get a solution of form
y=F(Z)...... (4)

Using (2), the required solution is given by y = F(log(a + bx)) ...........(5)

Solved Problems:
1. Solve (1 + x?)? % +(1+x) % + vy = 4coslog(1 + x)
Sol. Given (1 + x2)2 % +(1+ x)% +y = 4coslog(1 + x)
[(1+x2)?D?+ (1 +x)D + 1]y = 4coslog(1+x), D=— ... (1)

Let 1+x =eZ or log(1+x) =1z Also, let Dij=—.......(2)
Then, we have (1 + x)D = D;, (1 + x2)2D? = D,(D, — 1) and hence (1) gives
[D;(D; — 1) + Dy + 1] = 4cosz or (Dy* +1)y = 4c0s7 ... ... .. 3)
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Its auxiliary equation is D;> + 1 = 0 sothatD; = 0 + i
~ C.F. = e%(c cosz + c,sinz) = c;coslog(1 + x) + c,sinlog(1 + x), using (2)

Where ¢, and c, are arbitrary constants.

Pl = o7 =R.P.0 iz where R.P. stands for real part
iz — iz__ +
% Te .4 =R.P.ofe TFhIER
— iz iz___
=R.P.of e D1+2D .4 =R.P.ofe 2D1i(1+%)'

=RP.0 f—D—1(1 + )_1 4 =RP. of%i@ — 2t )4n
= R.P. of e (Z) (42) = R.P.of (=2iz)(cosz + isinz), as— = —i

= 2zsinz = 2log(1 + x)sinlog (1 + x) as log(1 + x) = z.
~Solution isy = clcoslog(l + x) + c,sinlog(1 + x) + 2log(1 + x)sinlog (1 + x)

2. Solve(x+1)2 +( +1) —(2x+3)(2x+4)

Sol. Let D = 4
dx

Given equation reduces to {(x + 1)?D? + (x + 1)D}y = 4x? + 14x + 12 ....... (1)
Letx+1=e* or z=log(x+1) Alsolet D, = %... e (2)
Then (x + 1)D = D; and (x+ 1)2D? =D,(D; — 1)
Hence, (1) gives
{D,(D, — 1) + D,}y = 4(e? — 1)? + 14(e? — 1) + 12
D%y = 4e?* + 6e% +2 ........(3)
Auxiliary equation of (3) is D% = 0. giving D, = 0,0.
~CF. =(c;+ c2)e% =¢; +cz=c; + ¢, log(x + 1), using z = log(x + 1)
Pl = Di%(4ezz + 6e?+2) = D—I(Zezz + 6e? + 2z) = e?? + 6e? + z? = (%)% + 6e? + z?
=@x+1)2+6(x+1)+[loglx + 1)]?
Thus, P.l. = x? + 8x + 7 + [log(x + 1)]?

Solution is y=c¢ +cloglx+1)+x%+8x+ 7+ [log(x + 1)]?,
where c¢; and ¢, are arbitrary constants

3. Solve (x + 1)2 —4(x + 1) dy -+ 6y =6(x+ 1)

Sol. LetD =
dx
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Given equation reduces to {(x + 1)?D? —4(x + 1)D + 6}y = 6(x + 1) .... (1)
Let x+1=e? or z=Ilog(x+1) Alsolet D, = é I ¢7)
Then (x + 1)D = D; and (x + 1)2D? = D,(D, — 1). So (1) gives
{D,(D; — 1) — 4D, + 6}y = 6e*
(D? = 5D, + 6)y = 6€? ........(3)
Auxiliary equation of (3) is D? — 5D, + 6 = 0 giving D, = 2,3.
~CF. =ce?? +c,e3 =c(e?)? +c,(e?)3 = c;(x + 1)? + c,(x + 1)3

1 1
PlL=5——6e*=657——"
DZ-5D,+6 12-(5x1)+6

~Solutionisy = ¢;(x + 1)? + c,(x + 1)3 + 3(x + 1)

e?=3e?=3(x+1), as x+1=¢?

Where c; and c, are arbitrary constants

4. Solve [(3x +2)2D% +3(3x +2)D —36]y = 3x%+4x+1, D = :_x

Sol. Given [(3x + 2)2D? +3(3x +2)D —36]y =3x? +4x + 1 ...... (D)
Let3x +2 =e” orlog(3x +2) = z. Also let D; = +.........(2)

(3x+2)D =3D,,(3x + 2)?2D? = 32D,(D, — 1). Then (1)gives

3
e?—2
3
O[Dy(Dy — 1) + Dy — 4] = (%2 —4e? +4) +2(e? = 2) +1

[32D,(D, — 1) + 3.3D, — 36]y = 3 {<e23_ 2>2} +4 (ez _ 2) +1

since3x+2=e?=>3x=e?—-2>x=

1 1 1 1
ODZ —4)=e¥ — =D —4=—e¥ ——
3 3 27 27

Here auxiliary equation is D — 4 = 0 so that D; = 2, 2.

~CF.=ce??+ce7%% = (e?)? + c,(e?) ™2 = ¢;(Bx + 2)? + ¢,(3x + 2) 72

. 1 1 1 1 1 1 1 1 1
P.1. corresponding to —e?? = ———e?Z = — e?? =— —e??
27 27 D?—4 27 D=2 D1+2 27 D1—2 242
— 1 1 2z — 1 z oy 1 ez — ﬁ az
108 D;—2 108 1! " (Dy—a)™ n!
1 1 .
=—1z(e?)? =— (3x + 2)%log(3x + 2), using (2)
108 108
. 1 1 1 1 1 1 1
P.I. correspondingto - —=—-——5—.1=—-——5—e% = - ———¢0% = —
27 27 D}-4 27 D}-4 27 024 108

~ Solutionisy = ¢;(3x + 2)? + ¢,(3x + 2) 72 + % [(3x + 2)%log(3x + 2) + 1]

Where c; and ¢, are arbitrary constants
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