MATHEMATICS-III FOURIER SERIES

UNIT — I
FOURIER SERIES

Fourier series
Suppose that a given function f (x) defined in [-z,7z] (or) [0,27] (or) in any other

interval can be expressed as

a = )
f(x)==2+) (a,cosnx+b, sinnx)
n=1
The above series is known as the Fourier series for f(x) and the constants

a,.a,,b, (n =123~ ) are called Fourier coefficients of f (x)

Periodic Function:-
A function f(x) is said to be periodic with period T >0 if for all x, f(x +T) =

f(x),and T is the least of such values
Example:- (1) sinx =sin(x+27z)=sin(x+47)=-———- the function sin x is periodic with

period 277 There is no positive value T, 0<T <2z such that sin(x+T)=sinxv x
(2) The period of tanx is m

(3) The period of sinnnx is 2;” i.e sinnx = sinn (27” + x)
Euler’s Formulae:-
The Fourier series for the function f (x) in the interval C < x < C + 2m is given by

f(x) :%+Z::(an cos nx +b, sin nx)

Where a, = %fcﬂmf(x)dx

c+2
a, = %fc+ " f(x) cos nx. dx and

b, = %fcﬂznf(x) sin nx. dx
These values of a,,a,,b, are known as Euler’s formulae

Corollary:- If f(x) is to be expanded as a Fourier series in the interval 0<x <2z, put C = 0
then the formulae (1) reduces to

1 2z 1 2

aOZ;_[O f (x)dx a, =;IO f (x)cos nx.dx
1 c2x :

b, = ;_[0 f (x)sinnx.dx

Corollary 2:- If f(x) is to expanded as a Fourier series in [—z, 7] put c=—x, the interval
becomes —z < x <z and the formulae (1) reduces to
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aozijw f (x)dx a =ir f (x)cosnx.dx
T "o
1~ .
b, =— f .d
X EI_” (x)sin nx.dx

Functions Having Points of Discontinuity :-
In Euler’s formulae for a,,a,,b, it was assumed that f(x) is continuous. Instead a

function may have a finite number of discontinuities. Even then such a function is expressible as
a Fourier series

Let f(x) be defined by

f(x) = @), c <x<x
=¢(x),xg <x<c+2m
Where x, is the point of discontinuity in (C,C+27r) in such cases also we obtain the Fourier

series for f (x) in the usual way. The values of a;,a,,b, are given by

17 % c+27
ao=;UC ¢(x)dx+jxo ¢(x)dx}

17 % c+27

=— d d

a, ”UC ¢(x)cosnx x+jx0 ¢(x)cosnx x:l

17 ex% g c+27 .
b, _;Uc ¢(x)sin nx.dx+Lo ¢(x)sin nx.dx}

Note :-
0form=#+n
() f_nncosmxcosnx.dxz w,form=n>0

2w, form=n>0
Ofor m=n=0

an s
i i i Jdx =
(i) J, sinmx sin nx. dx {T[,form s >0

Problems:-
Fourier Series in [—m, ]
1. Express f(x)=x as Fourier series inthe interval -7z <x<x

Sol : Let the function x be represented as a Fourier series

f(x):x:%+ian cosnx+ibn sinnx — (1)

n=1 n=1
T TT
1 1 . .
a, = - f f(x)dx = - f f(x)dx =0 (+ x is odd function)
-1t —Tr
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TC
1
ap = f f(x) cos nx. dx
-T

= 0 (xcosnx is odd function and csnx is even function)

T TC T
1 1 1
b, =— ff(x) sinnx.dx = — f(x)sinnx.dx == —[ f X sinnx.dx]
18 s T
—TT —TT —TC

T
1
== [2 f X sin nx. dx] [+ X sin nx is even function]
—Tt

2 [X (— cos nx) L (— sin nx>]: _ %[(M) —(0+ 0)]

T n n2 n
(+ sinnm = 0,sin 0 = 0)
2 —2 n 2 n+1l
=——coshr =—(-1) =—(-1) "Vn=123...
2cosne = 2(-1f =2 (-

Substituting the values of 3, a b in (1), We get

- 2
X—T=—-T+ Z(—l)““asin nx
n=1

1 1 1
=-—m+2 [sinxzsin 2x + §sin 3x —Zsin 4x + ... ...
2. Express f (X) = X—7 as Fourier series in the interval -z <x<x

Sol:
Let the function x— be represented by the Fourier series

f (x)zx_ﬂ:%Jrian cosnx+ibn sinnx —> (1)  Then
n=1 n=1

ao——ff(x)dx=—ff(x—1't)dx =—[fxdx=nfdx]
_J 0 2 TTd © xis odd fi i
=7 — . Of x| (~ xis odd function)
=%[_2n(x)g] = —2(n—0) = —2m
1 i

T
1
and a, = - f f(x) cosnx.dx = - f(x — 10) cos nx. dx
—TU

—T

TT
1
=—[fxcosnx.dx—n
X
—TT

T

J COS nXx. dX] :l[O—ZﬂI”COS nx.dx}
T 0

—T

(xcosnx is odd function and cosnx is even function)
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0

T

—2 —2 n 2 n+1

=—cosnr=—(-1) =—(-1
Zeosnr=2(-1) =2
Substituting the values of a,,a,

= 2
SX—T=—T+ Z(—l)n“ Esinnx

n=1
1 1
=-—mT+2 [sinxzsin 2x + =

3. Find the Fourier series to represent the function e™

L8 _|e"-e™ |1 sinhar
2 2 Jar  an

T
1w 1
sa, ==/ _e aXCOSHX.dX——[ (- acosnx+nsmnx)]

nd-T a%+n? -

[ [ e cosbx.dx =

=z (@cosbx + bsin bx)]
Sap ==

1 (e am 0 0
—\z 2z (—acosnm+0) — 2+2( acosnm + 0)

2acosnm sinh an
am —am
— € cosnm=——————
Tt(a2+n2) ( ) m(a2+n?)
__ (=1)"2a sinham n
———— (~cosnm = (—1
m(a?+n?) ( ( ) )
. 1 ,m -
Finallyb, = ;f_n e

aX sin nx. dx
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== [2 f X sinnx.dx — ’IT(O)] [ x sin nx is even function]
—Tt
2[ ,—cosnx —sinnx\]" 2 [,—mcosnt _
= ) 1)), =) s 0] s sinnn =0y

vn=12,3

Deduce from this that— " Y 2[ 21 — 21 + 21 N
sinh 2°+1 3 +1 4°+1
be represented by the Fourier series
a -~ .
e ™ = =2+ a,cosnx+ Y b sinnx — (1)
2 n=1 n=1
1er 1(e® 7 1, ¥ _ g
aOZ_J' ey = = :_<e a;r_ea;r):
e T\ -a ) ar ar
Then
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sinnx\"
“ a, =—2 | cosnx.dx = —2
n /o

: . —2
—(smnn—smO) = —(0—0) =0 forn=1,2,3..

T

ff(x) sinnx.dx = f(X—T[) sinnx.dx = [fx sinnx.dx — Tt fsmnx dX]

—T

b, in (1), We get

1
3 sin 3x —Zsin dx + ...... ]

from —z<x<r.

——} Sol. Let the function e

4
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[ [ e™sinbx.dx = (a sin bx — b cos bx)]
1] e™ ’
== 2( —asinnx— ncosnx)
a'a 6
== [a2+ = ( -m COS nTt)]
__ncosnn(e?—e™@) (- 1)“2n smh an
n(a2+n2) - n(a2+n2)

Substituting the values of % ,8, and b, in (1) we get

_ smh am (-1)"2a sinh ant sinham .
e am = [— COoS nx 1)"2n sin nx
am a7 Z m(a2+n?) + ( ) n2)

__ 2sinham {( 1 acosx , acos2X  acos3x ) ( sinx 2 sm 2x 3sin 3x )} 2)

a 2a 1%2+a? 22122 32422
Deduction: —

12422 22422 32492 '

Putting x=0 and a=1in (2), we get

asihr[1 11 1 1 7 1 1 1
1= - S A | - S

+
T o2 2 22+1 32+1 42 +1 silhz (2241 3+1 4%+1

4.Find the Fourier Series of f(x) = X+ X%, -7 <x< T
and hence deduce the series

1 1 1 T2 1 1 1 2
D—+ o+ +---——= V———=+t—=+-—=—
D 12 22 3% e 'V 1z 22 3z 12

a, .
Sol: Letx + x2 = ?ﬂ + E;::lﬂn cosnx + Yoy b, sinnx - (1)

1
To findao = = [~ 2 =1 2\ - 2 __ =
ﬂf—ﬂ(x+x)dx 5(2 +3)TE zTE

1
. 17
To findan = — j_ﬂ (x+x?)cosnx dx

:% [(x+x2]5i1“x (1+2x)( COSM) (_mm)] Ii

A —[(x+ )& 1+ zx)( “:S’”‘) +2 ( Smm)] I
= o= [[1 + Zx)(cosnx)] _
= ﬂ;z [(1+ 2m)(cosnm) — (1 — 2m)(cosni)]

_ 1 _ X
_EHH cosmr]_nz[l)

1 .
Tofindbn = — [~ (x+x%)sinnx dx
Tt -
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- o= a0 of =2
= [ g ()] [ S g (2] < 2 gy

Substituting in (1), the required Fourier series is,

—cos nl]

n

, T 2x 3x ) VA ¢ o 3x
X+ X =3 - 4(Cosx - Cos T-I_ Cos ?+..) + 2(Sinx - sz +Sm? + )

5. Find the Fourier series of the periodic function defined as f(x)=
-, —t<x<0
' 1 1 1
x, 0<x<m Hence deduce that 1_2+3_2+?+_____=;;

2

Sol. Let f(x)=%+ian cosnx+ibnsinnX—>(1) then

n=1 n=1

w2t -2 e et o] | 22

1~ 1 0 T
S d=— [ (- d o |
a, HL (x)cos nx.dx . L[( 77) COS NX x+j0xcosnx X

1 sinnx )° sinnx cosnx)” 1 1 1
=—|-7 +| X +— =—| 0+—cosnz ——
Vs n ), n n 0 T n zn

1 1
=— (cosnmt—1) = — [(—D",]
-2 -2 -2

a; = 12.7_[1‘12 =O,a3 =32.T['a4=0'a5 =52 T - =
T 0

' Vs
1 1
b, f f(x)sinnx.dx = - f(—n) sinnx.dx + f x sinnx.dx
- 0

G
1 cos nxy° cosnx  sinnx\"
= — n( ) + (—x +— )
n /. n n /o

—TT

vis T
=— [— (1 — cosnm) — —cosnn] =—(1— 2cosnm)
ln n n
bl=3,b2=_?l,b3=1,b4=_71 and so on

Substituting the values of a,,a, and b, in (1), we get

f(x) =_T”—§(cosx+—m;3x+COSSZSX+ — ——) +(3 Sinx—Sirlzgx+3Si;3x+ Sii4x+ )(2)
Deduction:-

Puttin in (2), we obtain (0)—i—3(1+i+i+ )— 3

utting x=o in (2), we obtain f = . atat ...(3)

Now f (x) is discontinuous at x=0
f(0-0)=-zand f(0+0)=0
f(O):%[f(O—O)+f(O+O)]:%
m_om_ 2 ESUIE SRR SN ST SR | ez
Now (3) becomes— = — n(1+32+52+ )—>12+32+ [52+ ==

DEPARTMENT OF HUMANITIES & SCIENCES [©MRCET (EAMCET CODE: MLRD) BN




MATHEMATICS-III FOURIER SERIES

6. Find the Fourier series of the periodic function defined as f(x) = —m, T <x<0

m,0<x<m
Sol. Let f(x):%+§£an cosnx+r;Z::bnsinnxa(l)then
a, :% _7; f (x)dx :%[J‘l(—ﬁ)dxjtjoﬁndx}
%[—n(x)j{ +7z‘(x)”0}=%[—7z'2+7r2:|=%[0]=0
= —j )cosnx.dx = %U_Oﬂ(—ﬂ)cos nx.dx+ [ 7 cos nx.dx}

1{ (sinnxjO (sinnxj”}
=—| -7 +7
T n ). n_J

:i(o) (Qsin0 =0,sinnz = 0)

ff(x)smnx dx = — [f( —1r) sin nx. dx+frr51nnx dx

0

cos nx L cos nx) ]
T[ n _n- n 0
1
N [— (1 —cosnm) —— (cos nmw — cosO)]

0 whennis even

— — [ — — ny —
(2 2cosnm) = (2 2(-D") = { whenn is odd
Substituting the values of a,a and b, in (1), we getf (x) = Z?{ngsin(nX) where n is odd

fx) =4 (sinx + %sin(Bx) + %sin(Sx) + — —)

Fourier Series for f(x) in [0,2m]

1.0btain the Fourier series for the function f(x) = ¢* fromx = [0,27]
Sol: Let e* = E;_‘j + ¥r,a,cosnx + ¥ b,sinnx — (1)

1 1 2m 1 1
Then ao = = f;ﬂ f(x)dx =Ef02 e* dx = p- (eMi™ = p- (en — 1)

1 .n; 1 .o
and an = p fo f(x) cosnx dx = p J, " € cosmx dx
_ 1 2 2m _ e*™ -1
B [ — (cosnx+nsinnx}] T m(1+n2)
0
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1oy
=— [, e* sinnx dx

. 1 207
Finally bn = p Jo 7 f(x) sinnx dx

_1e . 2 ey
T n [ - (smnx—ncosnx}] T Taem®
1 I
0
g2 W _ .
Hencee®™ = <= + ¥= ———cosnx + X2 (ﬂ](g—zﬁ sinmx
n?) m{1+n?)
_ oefmog |1 o COSTXY oo Disin mx
> T N=1 g 4nz o n=1 g gz

- 2 2
This is the required Fourier series.

2.0btain the Fourier series to represent the function
kx(m—x)in0 < x < 2rWhere k is a constant.

f(x) =

Sol: — Given f(x) = kx(m —x) in0 < x < 2w fourier series of the function f(x)
A 2%k

a
fQx) = kx(m — x)70 + z a, cos nx + z b, sinnx
n=1 n=1
x? x

1 2r 1 21 k
=;f0 f(x)dxz;JO kx(n—x)dxz;[rt7—?o = 3
1 2T 1 2T
=—J f(x) cosnxdngf kx(m — x) cosnx dx
0 0

sin nx)r”

cale T a0 (5 o (S
o Geao] - loserol] =)« oo

g 1 2T 1 21
= —J f(x) sinnx dx = —f kx(m — x)sin nx dx
TJy TJy

[(ﬂx X2) ( cos nx) (- 2x) (_ sizznx) (=) (co;nx)]o
k(2 2 2 2km
=EHT+°_$}_{O+O_F}] e

put the values of ag, a, b, in (1) we get

o0

__ Tk 4kzoo ! + 2k Zl'
fx) = 3 i cosnx m ) —sinnx

n=1

3..Find the fourier series expansion of the
2
m—X
function f(x) = g in the interval 0 < x < 2m
Sol:
(m—x)?

Given f(x) = TO <x<2m
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fourier series of the function f(x) is given by

mT—x)% a = -
f(X)=( 4) 20+Zancosnx+2bnsinnx ———————— (1)

n=1 n=1

1 (2" 1 (%™ (1 —x)? 1 [(m—x)3" w2
30=Ef f(X)dX=Ef 4 dX:E 3 l =Z——(2)
0 0 0

1 2T 1 2m (T[ _ X)Z
a, = — f(x) cosnx dx = — ———cosnx dx
™J, ™J, 4

LLT[ [(T[ %2 sinnx 20— ) (_ cosznx) o (_ Sirrigrlx)”:1T 1 [211 L2 o

=4T[ nz n2
=p—(3)

1 2T 1 21 o 2
= —J f(x) sinnx dx = —f (T~ sin nx dx
TJo TJo

4

_ [ﬁ [(n —x)? (_ COZHX) 20— x)}( sin nx> 42 (C0;3IIX)”2T[

0

B w2 > 2 I
J22) (5o o

put the values of ay, a,, b, in (1) we get

(m—x)? cosnx T2 COSX C0S2X COS3X
f(x) = == Z = LS,

4 "2t 1z T2 32

4. Expand f(x) = {0; n0<<xx<<2” as a Fourier Series.

Sol:- The Fourier series for the function in (0,22m) is given by

f(x) = ? + z a, cosnx + Z b, sinnx ... ..... (1)

n=1

aozifoznf(x)dx——[f 1 dx +f de]——(x)1T
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1 por 1 b 27
a = ~ IO f (x)cosnx.dx == UO (1)cosnx.dx + J.” (0)cos nx.dx}

T
zi(smnxj o
z\ n ),

= 3(0) (-sin0=0,sinnz =0)
T

21

21 Vs
1 1
b, = ;f f(x)sinnx.dx = E[f(l) sinnx.dx + f 0.sin nx.dx
0 0

s

n
0 whennis even
“b, =

= % U:(l) sinnx. dx] = %(_ Cosnx)0=— i(cos nm —cos0) = — i [(=D)™ —1]

2
— whennis odd
nm

put the values of ay, a,, by, in (1) we get

— 1,2y g — 1.2 - 18
flx) = St mznﬂ'&snsm nx = -+— (sinx + - sin 3x + Zsin 5x+..)

2
5. Obtain Fourier series expansion of f (X) =(7T—X) in 0<x <27 and deduce the value of

1,11 7
1?2 22 32 6
Sol:-

Givenf(x) = (m—x)?20 <x < 2m
fourier series of the function f(x) is given by

a
f(x) = (m-x)? = _22+Za“ cos nX+an sinnx — — — — — — — — (1)
n=1 n=1

1 2T 1 2T
ag = Ef f(x)dx = EJ (m — x)%dx
0 0

1 21 21.[2
E[ [1'[2+x2—21'tx]dx=T——(2)
0

1 2T 1 2T
a, =— f(x) cosnx dx = — (m — x)?cosnx dx
TJo TJg

e RTE I T
=23

1 2T 1 2T
b, = —J f(x) sinnx dx = —J (m — x)?sin nx dx
TJo TJo
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21
1 cos nx sin nx cosnx
— 1= _ 2(_ — — —
_L_[[(n 0 (- 0) - -0 (- ) + 2 (S )”0
1 2 2
“a\ T te) Tt )| 70 =0 )
put the values of ay, a,, b, in (1) we get

2 i COS nx 1'[2 4cosx 4c0s2x 4cos3x+

() = (= %02 = =+ 4 P T

Deduction:-
Putting x =0 in the above equation we get

n? icosnx n°  4cos0 4cos0O 4cosO+

f(0)=(n—0)2=§+4

2 3Tz Tzt

n=1

Even and Odd Functions:-
A function f(x) is said to be even if f(—x): f (x) and odd if f(—x):—f (x)

Example:-  x* x* +x*+1,e“+e* are even functions
X%, X,sin x,cosecx are odd functions

Notel:-
1. Product of two even (or) two odd functions will be an even function
2. Product of an even function and an odd function will be an odd function

Note 2:- I_a f(x)dx =0 when f (x) is an odd function

—2_|' x)dx when f (x) is even function

Fourier series for even and odd functions
We know that a function f (x) defined in (—z,7) can be represented by the

Fourier series

:i+2an cosnx+ Y b, sinnx
n=1

n=1
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Where a, :lrr f (x)dx

= —_[ cos nx.dx
and = —I sm nx.dx
Case (i):- when f( ) is an even function

:_I dx——j

Since cosnx is an even function, f ( )cos nx is also an even function
1 ,T
Hence a, = ;f_nf(x) cosnx.dx
2 T
= ;fo f(x) cosnx.dx
Since sinnx is an odd function, f (x)sin nx is an odd function

:—J' smnxdx 0

. Ifafunction f(x ) is even in(—z, z) , its Fourier series expansion contains only
cosine terms

00

=i+2an Cos Nx

Where a, =—I x)cos nx.dx,n =0,1,2,~————

Case 2:- when f (x ) is an odd function in (-7, 7)

a, ——I dx 0 Since f(x) isodd
Since cosnx is an even function, f (x)cos nx is an odd function and hence
= —J. cos nx.dx =0

Since sinnx is an odd function; f (x)sinnx is an even function
o by = %f_nnf(x) sin nx. dx
= %ffnf(x) sin nx. dx
Thus, if a function f (x) defined in (-7, ) is odd, its Fourier expansion contains only
sine terms
s f(x) = XF_1 b, sinnx Where b, =—_[ x)sin nx.dx

Even and Odd Functions:-
Problems:-
1. Expand the function f (x)=x* as a Fourier series in[—m, 7], hence deduce that
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gyr.r. 1.1 7
12 22 +32 42 12
Sol. Since f (—x)=(-x)’=x* = f (x)
=~ f(x) is an even function
Hence in its Fourier series expansion, the sine terms are absent

x? = % Z; a, COSNX ... ... —(1)
3\ 2
Where a, = %fonxzdx = %(x?)o = 2% ...... —()

i s
2 2
a, = ;Jf(x)cosnx.dx = ;.f x2 cosnx.dx
0 0

2 ) sin nx —cosnx —sinnx\1"
:;[X( n )—2x( n? )+2( n3 )]
0
=2]0+ 27" 4 20] = LM = 2 (—1) e (3)

n2 n2 n?

Substituting the values of a, and a, from (2) and (3) in (1) we get

2

» (_1)n+1
2 (-1)" cosnx = T 4y COSNX
n=1

71_2
X'=—+
3

s
WS

n 2

n
2
T

=——4| cosX
3

2* s 42
Deduction:- Putting x=0 in (4), we get
2 2
0=%—4(1—1+1 1+———j:>1—l+l—l+———=ﬂ—

A/~ &L

_ C0s2X . c0s3x _ Cos4x +___j_)(4)

237 73 8 12
2. Find the Fourier series to represent the function f (x)=|sinx|,-7r<x<~
Sol:  Since |sinx| is an even function, b,=0 for all n

Let f(x)=|sinx|=%+iancosnxa(1)
1w oy 2 -
Where a, =;f_n|smx|dx =;fo sin x dx =;(— cos x)7
-2 4
—f1-n==
T T

and a, = %ffnf(x) cosnx.dx = %fon sin x. cos nx dx
[

= lf [sin(1+ n)x + sin(1 —n)x] dx
& 0

1] cos(1+n)x cos(1—n)x]"
=—|- — (n#1)
T 1+n 1—n 0
1|cos(1+n)mr cos(1—n)m 1 11"
= —— — — (n#1)
T 1+n 1—n 1+4n 1- 0
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n+l n+l
e I ::;b_nmﬁil L1 }_{ 1,1 }]
T 1+n 1-n T 1+n 1-n 1+n 1-n

S (G ] (G DAY

1-n2 1-n2 n(n2-1)
— -2 _1\n
=21+ (=D

0 ifnisoddandn # 1
-

e if niseven
2 (. 17
Forn=1,a, == sinx.consxdx =—]"sin2xdx
1 (—cos2x\" -1
=—(—) =—(cos2r—1) =0
T 2 0 21

Substituting the values of 4 a and a, in (1) We get [sin x|:g+ Y 4 cosnx

b/ n=2,4y,,7r(n2—1)
2 4 ocosnx 2 4-cos2nx
T ;ng_nz_f; ;§4n2—1
Hence [sin X|:§_i(%+%+____j
T T 3 15
Zsinaﬂ[ sin x _25in2x+35in3x_ }
-a®> 2°-a*> 3¥-a>

(Replace n by 2n)

3. Show that for — 7z < X < z,sinax =

T
(a'is not an integer)
Sol: - As sin ax is an Odd function. It’s Fourier series expansion will consist of sine terms only
~.sinax = )b, sinnx
=l e (@h)
27 . 277 . . 27
b, = —I f(x)sinnx dx = ;Ismax.sm nx dx = ;I[cos(a— n) X—cos(a+ n) xJdx
0 0

Where ax
[-.- 2sin Asin B = cos(A—B) —cos(A+ B)]

b oL "sin(a—n)x sin(a+n)x |’
"zl a-n a+n |
_1[sinarcosnz—coszsinnz sinaz cosnz+cosazsinnz
7| a-n a-+n
1[sinaz.cosnz sinaz.cosnz .
b,=— - [ sinnz =0]
T a—n a+n

1. 1 1 1. .(a+n-a+n (-D"2n .
=—sinar coshr| ————— |==sinar (-1) ——— |=—— 5 Sinar
V4 a-n a+n) =« a-—n r(a®—n%)

Substituting these values in (1), we get
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MATHEMATICS-III FOURIER SERIES

sin nx = sin nx

7T n=1 (a2_n2) T n=1 (n2_a2)
_ 2sinax| sinx  2sin2X N 3sin3x
Vs 12 —a? 2?2-a? 3*-a>
4. Find the Fourier series to represent the function f(x) = Sinx,—m < x < m.
Sol:- since sin x is an odd functionay, = a, =0
Let f(x) = X b, sinnx, where

2 (" L
bn=—f sinxsinnxdx=—f [cos(1 —n) x — cos(1 + n) x] dx
mJ, TJo

sinax =

2sin aﬁi n(-1)" 2sin aﬂi n(-n)"*

1 [sin(l—n)x sin(1+n)x
1-n 1+n

]Z(n;t 1) =0(n=#1)

T

2 . 2 1-cos2 1 sin2x\™ 1
If n=1 b1=;f:sm2xdx =;f0n CZS X dx = (x— ";x)o— ;(n—o): 1 f(x)=

b;sinx = sinx

5. Show that for — 7z < x < 7z, sink X =

- +———F>....
T P -k* 2°2-k* F-K’

25ink7r[ sinx  2sin2x  3sin3x }
(k is not an integer)
Sol: - As sin kx is an Odd function.
It’s Fourier series expansion will consist of sine terms only
~.sinkx=>Y"b, sinnx

n=1

b, = 3[ f (x)sin nx dx = Ejsin kx..sin nx dx = Ej[cos(k—n) x—cos(k-+n) x]dx
Where ) i !
[*.- 2sin 4sin B = cos(A— B) —cos(A+ B)]

b _ 1[sin(k=n)x _sin(k+ n)x}”
"zl k-n k+n ],
_ 1[sinkzcosnz—coszsinnz sinkz cosnz+cos kzsinnz
| k—n k+n
b, _1[sinkz.cosnz sink z.cos nﬂ-:l['.'Sinnﬂ'ZO]
7Tl k—n K+n
_ _1\n
:Esinkﬂcosnﬂ(i—i}isin k;r(—l)”[kﬂz] k2+nj: ( 12) 22 sink
T k-n k+n) =« k®—n (k*=n*)

Substituting these values in (1), we get
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MATHEMATICS-III FOURIER SERIES

sink x = sin nx sin nx

T n=1 (kz_ n2) T n=1 (n2 _kz)
B Zsinkﬁ[ sinx  2sin2x  3sin3x }
T 1> —k? 22-k* 3P-—_kz 7
Half -Range Fourier Series:-
1) The sine series:-

f(x)= ibn sinnx where b, =£J‘: f (x)sin nx.dx
n=1

T

Zsinkﬁi n(-1)" . B Zsinkni n(-)"**

2) The cosine series:-
f(x) =%+ian cosnx Where a, :EJ'O” f (x)dx and
n=1 T

a = %Lﬂ f (x)cos nx.dx
1) Suppose f (x) =xin [O, 72'] .It can have Fourier cosine series expansion as well as Fourier
sine series expansion in [0, 7z]
2) If f(x)= X% in [0, 72'] can have Fourier cosine series expansion as well as Fourier sine
series expansion in[0, r].
Half —Range Fourier Series:-

Problems:
1. Find the half range sine series for . f(x) = x(mr —x),in0<x <m
3
Deduce that %—%+%—%+____:”_
r 3 5 7 32

Sol.  The Fourier sine series expansion of  (x) in (0,z) is fx)=x(m—x) =
Yy b, sinnx
Where b,, = %fonf(x) sinnx.dx; b, = %fonx(n — x) sin nx. dx

= %J'O”(;rx— X2 )sin nx.dx

2[ —CoSnx —sinnx cosnx |
:;_(ﬁx-XZ)( i j—(ﬁ—ZX)( d )+(—2) s l
2[ 2 4 n
:;_F(l—cosnﬂ)}:ﬁ(l—(—l) )
0, when n is even
b =

n

ig, when n is odd
7N
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MATHEMATICS-III FOURIER SERIES

Hence
X(r=x)= > %sinnx (or) x(;z—x):g(sinx+ﬂ+ﬂ+————j—>(l)
n=135.. 7T V4 3 5
Deduction:-
Putting -7 in (1), we get
2
T s 8/ m 1 3w 1  b5m
E(x —E) = E(smz+§sm7+§sm7+ - - —)
1 1 T
:— [1+—sm(7t+2) §5m(2n+2) %sm(3n+z)+ ———]
(or)3—2=1+3—3+5—3+7—3+ - — =
" -
2.Find the half- range sine series for the function f(X):ea,, o In (0,77)
Sol. Letf(x)= Z;‘{” 1 by sinnx—(1)
Then b, = f f (x) sin nx. dx——fne —__ sinnx.dx

0 eam_ep-am
2

= m[fo esinnx.dx — fo e~ %sin nx.dx]

2 edx e~ ax T
= T “ P (asinnx — n cos nx)]0 — [m (—asinnx — ncos nx)]ol
2 an n —edn n
n(=1)" + + n(—=1)" ——]
n(ea”—e a”)[a2+ zn(=1) a?+n? a?+n? D a? + n?
B 27’1( 1)n e~ ax — eax] 3 Zn(_l)n+1 )
(e —eam)|[ n24+q2 | w(n?+ a?) (2)
Substituting (2) in (1), we get
w n(=nntt _ 2[sinx  2sin2x | 3sin3x
f(x) T a%+n? sinnx = 3 [az+12 a2+22 + a2+32 ]

Fourier series of f(x) defined in [c,c + 21]

It can be seen that role played by the functions

1, cos X, coS 2X,C0S 3X, .....SIN X,SIN 2X.........

In expanding a function f (x) defined in [c,c + 2] as a Fourier series, will be played by

(ﬂ'Xj (ZEXJ (37z'xj

1,cos| — |,cos| — |,coS| — |,.....

e e e

. (ﬂ'X) . (ZEXJ . (37Z'X)

sin| — |,sin ,Sin .
e e e

In expanding a function f (x) defined in [c,c+2I]

(T ommx nmx B
() .[C sin (T) .COS (T) dx =0
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c+2l mix - 0, ifm#n
(i) J sin (T).sin (T) dx=< L, ifm=n=+0
¢ 0, ifm=n=0
c+2l 0, ifm#n
(iii) f cos (@).cos (?) dx=< 1, ifm=n+0
¢ 21, ifm=n=0
[It can be verified directly that, when m, n are integers ]
Fourier series of f(x) defined in[0,21]:

Let f(x) be defined in [0,2l] and be periodic with period 21 . Its Fourier series expansion is
defined as f(x) = —ao + Yy [an cos ™=+ b, sm—x] - (1)
Where a,, = ffo f(x)cosde - (2)

.and b, = %foﬂf(x)sinnlixdx - (3)
Fourier Series Of f(x) Defined In[—L L]:

Let f (x) be defined in [I,1] and be periodic with period 2 . Its Fourier

series expansion is defined as
nzrX
a0+2(a cos—+b si nl—)

where anz%.r'f( )cos%x b :%Illf( )sm@dx

n

Fourier series for even and odd functions in[—L 1]:-

Let f (x)be defined in[I,1]. If f(x) iseven f(x)cos@ is also even

f f(x)cos — dx

f f(x)cos — dx

And f(x)smT is odd
l

1 . nmx
=7 ff(x)sdex = 0vVn
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Hence if f(x) is defined in [—I,I] and is even its Fourier series expansion is given by
1 = nx
f(x)==a,+) a, cos—=
2 par |
2 ¢l nzX
where a, :I—IO f (x)coslidx

If f(x) is defined in [—1,1]and its odd its Fourier series expansion is given by

f(x) =ibn sin@ where b, :IEJ.(: f (x)sin@dx
n=1

Note:- In the above discussion if we put 21 = 27,1 = 7 we get the discussion regarding
the intervals [0,27] and [z, 7] as special cases

Fourier series of f(x) defined in[c,c + 21]

Problems:-

1.Express f(x)=x? asa Fourier seriesin [—I,1]

Sol: Since f(—x) = (=x)? = x2? = f(x)
Therefore £ (x) is an even function
Hence the Fourier series of f (x) in [-1,1] is given by
f (x)=%+ian cos@where a, :%Iol f (x)cos%x

— 2t 2 _Z(x_3) _ 2
Hence ao = 7 [; x%dx = 7 (5 Nl

l
2 nmx
Also a, = 7 f(x)cosde
0
|
nzx
2 sm(—j —cos "X —sm@
=2 x? -2x 2
| nz n’z? i n’z®
I 2 I° o
cos™=x :
2 1
l n2m2
12 0

(Since the first and last terms vanish at both upper and lower limits)
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—E[ZI cosnz }_4lzcosn7z (D)4
"o 17 n’r’ n’r’

Substituting these values in (1), we get

P &4 e P arE(D)"T nax
2 - - = R
K =3 +§ o R ol
E_4_|2 cos(x/1) cos(2zx/1) . cos(3zx/1)
3 7 1’ 2 ki

2. Obtain Fourier series for f(x) = x%in [-1, 1].

Sol: The given function is x3 which is odd
a0=, an=0, by= n:%f; f(x) sinm dx== fl x? sinnmx dx

SCOS‘H'UC 2 . nox
—2[ + 3x sin—— + 6% = n——
—_ 2[ { ljn + 6{_1:]:”]

AT n3m2

~ f(x) 2[(—— —) siny + (— ~ ¢ —) sin2mx + (———g) sin3mx + (— — + —) sin 4mx|

m 3t rr 4302
3. Find a Fourier series with period 3 to represent f (x)=x+x? in (0,3)

COSNITX in nTx ]

Sol.  Let f(x)=a—2"+i(an cos$+bnsin$j—>(l)
n=1

Here 21=3,  1=3/2 Hence (1) becomes

F(x)=xixi=,y
(X)=x+x 2+Z

Ly nrx| . 23 2 27X
and a, _TL f(X)COS(TjdX—gjo(“X )cos(Tjdx
Integrating by parts, we obtain

_2[3 9]_2( 54)_ 9
T 3lan2n2 an2m2] T 3 \an2g2/) T n2p2

Finall _1lc2 nzx 23 2n7zx -12
y bn*f.'.o f(x)sdex ,g'[o(erXZ)sm : dx = 2%

an

nz

Substituting the values of a’s and b’s in (2) we get

X+ X :%+%Z% os[zn;[x}—gzésin[zn;x)
=1

72 &n 7N
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Half- Range Expansion of f(x)in [0, 1]:-

Some times we will be interested in finding the expansion of f (x) defined in [0,1] in
terms of sines only (or) in terms of cosines only. Suppose we want the expansion of f (x) in
terms of sine series only. Define f,(x)=f(x) in [0,1] and f (x)=—f (x)Vvn with

f.[21+x] = f,(x), f,(x) is an odd function in [—I,1]. Hence its Fourier series expansion is
given by

f.(x)= Z.ol:bn sin n;lzx dx

2 1
where b, :T'[O f, (x)dx

The above expansion is valid for x in [-1,1] in particular for x in [0,1],

! . NrX
f.(x)=f(x) and f,( Zb sml—dx where b, _TL f (x)smlidx

This expansion is called the half- range sine series expansion of f (x) in [O,I]. If we
want the half — range expansion of f (x) in [0,1], only in terms of cosines, define f,(x)= f(x)
in [0,1] and f,(—x)= f (x) for all x with
f.(x+2)=f(x).
Then f,(x) isevenin [—I,1] and hence its Fourier series expansion is given by
Nz X

f,(x)= —+ acosT

where a, ——_[ f (x)cosmdx

The expansion is valid in [—I,1] and hence in particular on [0,1],
f,(x)=f (x) hence in [0,1]
= nNzX

f(x):%a0+ _1an 005 ——

2
Where an :TJ: f (X)COS@C‘X

1. The half range sine series expansion of f Zb SlnT in (0, 1)is given by
n=1

Where b, = Izjol f (x)sin %x

2. The half range cosine series expansion of f (x) in [0,1] is given by
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f (x)=%a0 +Z::an cos 72X

2 ¢l Nz
where b, = I—L) f (x)cos

Problems:-

1. Find the half- range sine series of f(x)=1in [0,1]

Sol:  The Fourier sine series of f(x) in[0,1] is given by F(0)=1=3" b,sin "X
"

Here b, = %folf(x)sin%dx = %fol 1.sin ﬂdx

cos "X |
2 | 2 X
I =

-C0s—— =£(—cosn7r+1)=
nz/l nz [ |, nz

- %[(—1)”%1}

{0 when n is even
b —

4 whennisodd
nx

Hence the required Fourier series is f (x): Z isin@

n=135-— N7

w 4< nrr+1 ] 37rx+1/
lL.e _T[ sin ] 3sm SSID
2. Find the half — range cosine series expansion of f(x)= Sm[ﬂj in the range
[

S5mtx )

O<x<l
Sol: The half-range Fourier Cosine Series is given by

f(x) =sin (nlx) C;O + Z an cos? ...... —()

n=1
cosmx/l L

Where a, = = ff( )dx—— sm—dx—f[ v ]Oz_f(cosn—l)zs

and a,, = %fol f(x)cos#d —f sm( 1 )cos (nnx) dx
_ lfl [sin(n+1)n:x _sin(n— l)nx] dx
1 _ cos(n+1) mx
|-

l
1 cos(n—1) mx/l
(n+1)m/1 + (n+1)m/1 L (n > 1)

—l _(_1)n+1 (_l)n—l L_L
T [ n+1 n-1 n+1 n—1] (TL * 1)

Whennisoddanzi[;l+l 1 1}_0

l

z1n+l n-1 n+1 n-1
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T [n+1 n-1 n+1 n-1
-4
- n(n+1)(n-1) (Tl * 1)

Ifn=1a, = f251n(l)cos( )dx——f (zg)dx

1 1 27X
=75 |cos <T)L =%(cos 21 — cos0) = _1/271(1_1) =0
2 4 [cos(2mx /1)

from equation(1) we have.. sin (”l—x) == ;[ et Cos(;“;x/ 2

3. Obtain the half range cosine series for f(x) =x — x?, 0= x < 1.

. 1 1 1 1 1
Whennisevena, == ———+———]

-]

Sol: The half range cosine series for f(x) in0=x < 1isgiven by
f(x) = __G + E -1 @, cos NmX
Where a0=" [ f(x) =2 (o2 5= S0 =

anzzfol (x- x?) cos nmx dx

_2[(}( Xz)cosnﬂx +(1-2%) cosnmx] 1= 2[( ljﬂsz%rri A _21_2] 2[( 1jr+1 1]

nmz 1(Q) nemw

=~ The cosine series of f(x) is given by,

1 7 oo (_1j“+1—1 —1 _ 4 f(cos2mx , cosdmx
f(ﬂ—g“Lﬁ—zEn:l{—ﬂz— o3 X g - :.?2{:—=+ +____}

4. Obtain the half range sine series for e in 0<x<1.
Sol: The sine series is 3172, b, sin ==

Where bn= % fo f(x) smE dx

=2 (' e si i — 1
J, e sinnmx dx = [(1+ Ay [sinnmx — nmx cosnmx ]]
2
=———  [-nmecosnm + nm|= 1—e(—1)"
{1_'_“2 2:][ ] (1+ z 2][ {: ] ]
=27 [ (G sinmx + - a sin 2w E(HJ sindmx+ — — — ]
1+m2 1+4T 1+9T
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UNIT-1I
FOURIER TRANSFORMS

Dirichlet’s condition :
A function f(x) is said to satisfy dirichlets conditions in the interval (a,b) if

(1) f(x) defined and is single valued function except possibly at a finite number of points in
the interval (a,b) and

(i) f(x) and f(x) are piecewise continuous in(a,b)

Fourier Integral Theorem:

If f (x) is defined in (—I,1)and satisfies Dirichlet’s condition, then
1 ro oo
f(x) =;j0 [ f(t)cos A(t-x)tdA

Fourier Sine Integral:

The Fourier sine integral for f(x) is given by
2 = . E .
f (x):;I0 sin lxjo f (t) sin Atdt.dA

Fourier Cosine Integral:

The Fourier cosine integral for f(x) is given by

f(x) :gjowcosﬂ,x_[: f (t).cos At.dtd 2
1. Using Fourier integral show that

e ™ —e

dA,a>0,b>0

bx Z(bz _az)J'oo Asin AX
2 ~ . (

A? +a2)(ﬂu2 +b2)
Sol. Since the integral on R.H.S contains sine term use Fourier sine integral formula.
We know that the F.S.I for f(x) is given by.

f(x)= %J':sin ﬂxjow f(t)sinAtdtdA................. 1)

Here f (X) =™ —e*b"; o f (t) _pd _ght
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e e ijsin /IXUW(eat —e’bt)sin At dt}d/l

7790 0

:ijsin ﬂx“ooe‘a‘ sin Atdt —jme‘bt sin /Itdt}d/i

70 0 0

-at bt ”
:EJ sin ﬂx{e—(—asin M—/icos/lt)—t;—iz(—bsin ﬂt—icosit)] dz
_I_
0

70 at+ 1

2 ¢~ . A A 2 ¢ 1 1
:;.[0 S|n/1X|:m—m:|dl _;-[0 Smix&[m—m:ld/i
A(b*-a’)

ea) )

=%j:sin AX.

e _nbx _ Z(bz _aZ) J“” A.Sin Ax

A o ()70

T

Hence proved

T .
2. Using Fourier Integral, show thatjowl—cisfiﬂ_sin axdi—lpT0<x<z

0,if x>
Sol.  Since the integral on R.H.S. contains the sine term we use Fourier Sine Integral formula.

The Fourier Sine Integral for f(x) is given by.

F(x) :%I:Sin AX[f (t).sin Atdt.d 2 ~mTTTeeseee (1)
Let f(X): %v O< X< T mmmmmm——————————— e e (2)
0 X> 7

Using (2) in (1), we get

f(x)= %j:sin ax [ (@)sinatdt+ [ (t)sin atdt 12

:grsinﬁx.[rz.sin/ﬁdt}d/l :grsinﬂx. Z( 1) cosat | da
90 02 790 2\ A )

2 o . = T2 1-cosAr
=— AX| — Ar=1)di="x=
ﬂj'o sin X{ZA(COS Vi )} : xﬁ_[o smﬂx[ 2

| I |
o
~

»(1-cos Ax)

f(X):Io fsm}“‘d’i Orjow(l_CiSlﬂ).sinixdﬂ:{ O<x<m

o NIy

X>rw
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1for0<x<m

3. Express f(x) = { 0for x>n as a Fourier cosine integral and hence

Axsin 4
evaluate " =" dA

Sol:- Fourier cosine integral of f(x) is given by

fe==

0

cos Axf f(t) cosAt dt da
0

lfor0<x<m

f(x)={0for x>

N T _2 (> sinAt 1™ ,,_2 o cos Ax sinAn
flx) = ;fo cos Ax Uo cos At dt |dA _;fo Cos/lx[ - ]0 dl_;fo R da

%for 0<x<m

. foocoslxsinln dlZEf(X) :{
2 0 for X>7

0 A

At x=m which is a point of discontinuity of f(x) ,the value of the above integral

A dl_z

2

fwcosﬂxsinln _n(1+0)_n
o 4

FOURIER TRANSFORM OR COMPLEX FOURIER TRANSFORM

The Infinite Fourier Transform of f(x) :

The Fourier transform of a function f(x) is given by.

F{f(x)}=F(p) :J.j:o f (x).e™ dx

The inverse Fourier transform of F(p) is given by.
- 1 @ —ipx

f(x)=F*{F(p)}=——| F(p)e™dp

27 4

Fourier sine Transform:

The Fourier sine Transform of a function f(x) is given by

FAT(0)}=F(p)=] f(x).sin pxdx

The inverse Fourier sine Transform of Fs (p) is given by

f(x)= stl{Fs ( p)} = %j: F.(p).sin pxdp
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Fourier cosine Transform:

The Fourier cosine Transform of a function f(x) is given by

F{f(x)}=F.(p) :J': f (x).cos pxdx

The inverse Fourier cosine Transform of F¢(p) is given by
— 2 0
f(x)=F"{F.(p)} =;_[0 F,(p).cos pxdp

Problems:

| ' _ X, |x|<a
1. Find the Fourier transform of f(x) defined by f (X)= 0 |x| > a

Sol. We have F{ J_I_we'px (x)dx

- & et et

2 2i

1 [ ,e™ :
FIE(X))=——=| X —+ 5 xe™ + —e¥
(10} e+ e |

_ %{%(e‘pﬁ —e ™)+ i (e™+e™)+ i—i(eipa —g™ )}

1 {—Za Smap+4—acosax—ismap}
N2rx p’

p p

L |x<a
2. Find the Fourier transform of f(x) defined by f(X)={O ||XI>aand hence evaluate

—00

Lao ? dnand ro sin ap.;os pX .

Sol. Wehave F{f (x)}=[" e™f (x)dx

= '[ e™ f (X)dx+ i e™ f (x)dx+Te‘pr (x)dx :T(l)eipxdx

-0 —-a a
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[e™ ] e e 2 ™™ 2sinpa

ip ip p 2 p

We know that ¢ ) _ [ et (x)x

Then by the inversion formula,
1

—ipx © —ipx 2 [
f(x)—gj_we "F(p)dp :—J' g™ .%dp

P 1 smap snap
_ 1|~ 2sinap s = cos px dp—— sin px d
o [J‘ T .(cos px—isin px)dp} ﬂjf 0 px dp - '[7 0 px ap

- lj” sinap cos px dp [Sincethesecondintegralisan odd]

or ijw sinapcos px , 1 |x<a
7 p 10, |x>a

Iw sinap cos pxdp_{ﬂ, |x|<a}
o 7*—p =

0, [x>a
If x=0 and a=1, then

J‘ sin pdp— OI’ZI —dp— J‘ sin pdp_ﬂ'

J' smx 71'

1-x, <t
3. Find the Fourier transform of f(x) defined by f(x): 0 ‘X‘>l

Hence evaluate ) ,[: X COS x3—sm X cosgdx (ii)I: xcosx3—sm X 4x
X X

Sol. We have F{f(X)}—J

" (= [ e () e (x)ae [ 6™ ()
P aoelerax ) (20 (]| (2, 2) (2,2
Lex)e dX_HT_ i'p’ +W]e }X_l [pz ip3j [pz ips]

2 o oy A(e"+e™) difeP-e™)
3(ep ep) 2[ 9 J"’E[ 9 ]:p—gcosp+%sinp
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4 .
F(sm p-pcosp)=F(p)

Second Part: By inversion formula, we have

i f(x):%jie‘ip*.F(p)dp

H _ _y2
ir e_ipx_4(3|np 3pcos p)dp: 1-x%, |x|<1
2w = 0, |X|>l

Putting - %in (1), we get

Nlow

1
_. 4(sin Cos 1-—=

v, 4(sinp . P) 4o 112

27z - p 0

8

orr;é(pcos p-sin p)(cos %—isin %)dp :_%”

Or'[i#( pcos p—sin p)e"%dp _ =3

= PCOS p sin P o
—_— dp = Equatmg real parts

or2_|'°° pCos p3—sm P cos
0 p

» X COS X —Sin X X -3
orj0 A

% dp = 18” [sinceintegraliseven]

3 coS—dx=——
X 2 16

il.  Putting x =0in (@), we get

1

B = sin cos
- i(smp pcos p)dp = 10rI P— p pdp z

- p° p°
or 2J’ %p— = Integral iseven] OI’I %p ‘%
Orroxcosx—smx o T

0 X 4
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0 ifx<a
4. Find the Fourier Transform of f(x)={1ifa<x <b
0 ifx>hb

1

N3

By definition F {f (x)}= .[i f (x).e™dx =

1 b ) 1 eipx b
—— [e™dx =——| —
\/27z;!: N2 { ip l\

_ 1 eibx_elax
Vx| ip

5. Find the Fourier Transform of f(x) defined by f (X) =@ 2 ,~0<X<% or,

Show that the Fourier Transform of € 2 is reciprocal.

Sol. We have F{f(x)} :r f(x)e™dx= jie_;.ei"xdx

—0

- jw e%(#ip)ze*p% dx = ep%r e_?l(#ip)zdx

-0

1 ) 1, .o
—(x-ip)=tsothat=(x-ip) =t*and dx = y2dt
Put \/E( p) 2( p) \/_

SF{f(x)}= e_p% I_O;e"2 J2dt = \/E.e_p% [;e"zdt
ae "z [ Q jze“zdt=ﬂ:@e‘p%

6. Find the Fourier Transform of f(x) defined by

f(x)z{e‘“x, a<x<p orf(x):{em’ a<x<h

0, x<qandx>p 0, x<aandx>h
Sol. We have F{f(x)}:r0 e™f (x)dx

—00

:f e f (x)dx+_|.ﬂe‘pr (x)dx+j§e‘pr (X )dx
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1 _ 5 ei(p+q)a _ei(p+q)ﬂ
8 ik aigxqe [P Ai(pra)x g = (prape 7% 7%
_Lep.equ_jae Pra%dx i(p+q){e L i(p+q)

=F(p)

The finite Fourier sine and cosine Transforms:
. The finite Fourier sine transform of f(x) when 0<x<lI, is defined as

FAf(x))=] f (x).sin(@jdx: F.(n)

Where n is an integer.
The inverse Fourier sine transform of Fs (n) is given by

ZF sm—

. The f|n|te Fourier cosine transform of f(x), when 0<x<lI, is given by

FAf(x))=[ f(x )cos( )dx F.(n)

Where n is an integer.
The inverse Fourier sine transform of F¢ (n) is given by

ZF cos( TX)
f(x) :% (. i cos(@j

n=1

PROBLEMS RELATED TO INFINITE FOURIER
SINE AND COSINE TRANSFORMS:

1. Find the Fourier cosine transform of the function f(x) defined by ¢ (x)= {COSX O<x<a
0, X>a

Sol. We have Fc{f(x)}:j:f(x).cos pxdx = j f (x)cos pxex+ [ F (x) cos pxdx

_ a 1 ra 1 ¢a
_IO COS X.COS px dx =§.[0 2€0s pX.cos xdx ZEL [cos(p—1)x+cos( p+1)x]Jdx

4l Gin(o—Dx+—L sin(p+ Xa:; sin(p—l)a+sin(p+1)a
_2[(‘)‘1) (P Gy } 2[ (p-1) p+1 }

2. Find the Fourier sine transform of f(x) defined by ¢ (X):{Si” X, O<x<a
0, X>a
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Sol. We have F, {f(x)} =J':) f (x).sin pxdx

0
a

:J'Oa f (x).sin pxdx+j f (x)sin pxdx :Ioasin xsin pxdx :%J.OaZSin X.sin px dx

it o s

0

:1{5"1(1— p)a_sin(l+ p)a:|

2 1-p 1+p

3. Find the Fourier cosine transform of 2¢™ +3™

We have F{f(x)}= J‘: f (x)cos pxdx = .[Ow(Ze‘SX +3¢ ") cos pxdx
_ % ®

_ZLe C0S pxdx+3[0e €0S px dx

-2x ®

-3x *
= 2{9‘1 7 (=3cos px + psin px)}0 +3[4€+ 7 (~2cos px+ psin px)

0

1

1
X9+ p2 X(—3)—3

-2
4+ p°

x(=2) _ 6 N 6
( p?+25 p*+4

4. Find Fourier cosine and sine transforms of e ®,a > 0and hence deduce the inversion

formula (or) deduce the integrals i..[ow;Lr;Xde i : zzsmg(d
+ +

ax

Sol. Let f(x)=¢

We have F, { f(x)}= [ f (x)cos pxdx

0
—ax

= Jme‘ax.cos px dx = € (—acos px + psin px)
0 a’ + p?

0

- (-a)+ pO) == =F.(p)ana R {F (X)) = [ (X)sin pxox

a+p a+p

—ax *

D ok e . 1
:L e sin pxdx:[az e (—asin px- pcos px)}0 = 7 (—a(O)— p(l))z = f 7 =F.(p)

Deduction: i. Now by the inverse Fourier cosine Transform, we have
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f(x):;j0 F.(p).cos pxdp
w2 2a = €08 PX 2 COSPX T
e cos pxdp =22 [* 2P gy or dp=—e¢
ﬂjﬁ p’+a’ P ﬂ'J.O a2+p2p JO a’+p’ g 2a

il.  Now by the inverse Fourier sine transform, we have

2 o : .
(=2 R(phsnprcn. e =27 s pcp

T

= psin px dp T

or
0 a’+p? 2

5. Find the Fourier sine and cosine transform of 2e~* +5e "

Sol. Let f(x)=2e"+5e™

i.  The Fourier sine transform of f(x) is given by

F{f(x)}= j: f (x)sin pxdx = j:(Ze‘SX +5e)sin px dx

_ © _BX i © 22X i
_2'.[0 e>".sin pxdx+5jO e “*.sin pxdx

-2x *
e

e . 5 .
=2. -5sin px—pcos px)| +5 —25In pX— Pcos px
[Zsﬂ)z( px-p |0)}0 [“pz( px-p p)}

0

1 1 2p +5IO

X ey pr P TS e (P T s

0

ii. We have F.{f(x)|= j:f(x)cos pxdx = jo (26 +5¢")cos prax

_ © _-5x © -2
= 2.[0 e>"cos px dx+5.fO e " cos pxdx

00

-2X

g™ I e .
=2 -5c0s px+ psin px)| +5 —2C0S PX + psin px
sz( pX+ P |o)]0 L ~(-2cos px+p p)}

+p 0
1 1 010
Ot [ -5)-5—x(-2) =
X25+pzx( ) 4+p2x( ) 715
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» XSin mx
dx

6. Find the Fourier sine Transform of e and hence evaluate L Y
+X

d

Sol. Let f(x)=¢

We have

AT (x)] :j: f (x)sin prox :j:e“x‘ sin pxdx

0

<[ sinpxax [ Ql=xin(0:s)]
1

(p)= =Rl

:{ ¢ (—sin px—pcospx)} =

T a2
1+ p? ) 1+ p

Now by the inverse Fourier sine transform, we have
f (X) = EJ.30 Fs ( p)Sin dep .-.e’\x\ :ijisin pxdp
w0 01+ p’

Chang x to m on both sides

gl _ 2 (= psinpm , =2rxsmmxdx,wherepisreplaced by x

7 14 p? 0 14X

. dx
0 14 x? 2

) Iw xsinmx .7« i
. =—e
7. Show that the Fourier sine transform of

f(x)=

2-x, for 1l<x<2 pz

x, for O0<x<1 is 2sin p.(1—cosp)
0, for x>2

Sol. By definition,  {f (x)}=["f (x)sin pxdx

:j: f(x).sin pxdx+L2 f(x)sin pxdx+£c f (x)sin pxdx
1 2 /

:jo X.in pxdx+j1 (2-x).sin pxdx

{ X 1 } [—(Z—X) (1) }
=| ——CO0S pX+—23|n pX +| ———=CO0S px+—23|n pX
p p 0 p p

1

_ZCoSP +izsin p—izsin2p+—cos P +ésin p

p
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2sinp-sin2p 2sinp-2sinpcosp 2sin p(l—cos p)
= D’ = D’ = D’

8. Find the Fourier cosine transform of f (x)defined by ()= Zi’x f::;
0, X>2

By definition, F.{f(X)}= j: f (x)cos pxdx
= J' cos px dx +_|' cos pxdx + J' cos px dx

—rx cos xdx+.[2(2—x) cos px dx
=)o %C0sP 1 -COSP

2
+ {@sin PX + %cos px}

1

1

[x . 1 }
= | Zsin px +—5cos px
p p

0

. 2 _
=m+ﬂ—%0052p+ np 1cosp_25|np+zcosp lcosZp:ZP sinp+2cosp-cos2p

p P op pp p PP p’

9. Find the inverse Fourier cosine transform f (x)of

1 P
~fla-P| whn 2
Fc(p):{Za(a ZJ wnen p<cza

0, when p=>2a

Sol.  From the inverse Fourier cosine transform, we have

2
f(x):zjO F, (p)-cos pxdp

_ 2=l
= D‘O 2 [a—g)cospxderJ' Ocospxdp}

.SiN PX———C0S pX
T 22’ 2x2

2a
p
2 1 |a- . 1
:Exijz (a—chos pxdp = —. A
2 ar X
p=0

sin“ax _sin”ax
2anX 2arx’  anx’

1
_1 [O—LCOSZax+i} = 5 (1—0052ax)=2
a;r 2x2 2x?

10. Find the Fourier cosine transform of (a) e ®cosax (b) e *sinax
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Sol. (a). Let f(x)=e™cosax. Then
FA{f(x)} :Iow f (x).cos pxdx

= .[: a ¥ cosaxcos pxdx = % j: e ™.2c0s px.cosax dx

:%j:e‘“ [ cos(p-+a)x-+cos(p-a)x]dx

- % :j: e cos(p+a)x+ j:e‘ax cos(p-a) xdx}

—ax

:% E ¢ )2(-acos(p+a)X+(p+a)3i”(p+a)X)LJ{ 2 :

(-acos(p—a)X+(p-a)Si”(p‘a)X)] ]

a'+(p+a a'+(p-a) 0
== L an-—1 (a
2 a2+(p+a)2( Y a2+(p—a)2( )1]

:1_ ) N a ]=E a2+(p_a)2+az+(p+a)z
2_32+(p+a)2 a2+(p—a)2 2 {a2+(p+a)ZHa2+(p—aﬂ

3 20 +2(a"+p’) a(2a’+p’)

=—X =

2 [a2+(p+a)2}.[a2+(p—a)z} (a2+(p+a)2).(a2+(p—a)2)

b. Let f(X)=€™sinaX Tnen

FAf(x) :I: f (x)cos pxax

= '[:e‘ax.sin axcos pxdx = %I:e‘ax (2cos pxsinax)dx

:%j:e‘ax[sin(p+a)x—sin(p—a)x]dx

—ax

1 e . w
-EH 2(—asm(p+a)x—(p+a)cos(p+a)x)}0 {

a’+(p+a)

2(—asin(p—a)x—(p—a)cos(p—a)x)] ]

a’+(p-a) 0
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et e it
2 az+(p+a)2 z:12+(p—a)2 2 p2+(p+a)2 p*+(p- a)2 p2+(p+a)2 z:12+(p—a)2
D (~4ap) 2(p*+2a%)

=—X +—X

2 (p2+(p+a)2).(p2+(p a)) 2 (p +(p+a) )(p +(p—a)2)

2 2
_ _2ap2 . a(p +2a )

(p2+(p+a)z).(p2+(p—a)2) (p2+(p+a)2).(p2+(p—a)2)

Note: (i) F{xf(x)}=——{F.(p)}
(i) F.pet (0= {F.(0)}

11. Find the fourier sine transform ofi

Sol:the fourier sine transform of the given function f(x)= 3

a e d
\/7j X).sin pxdx = J: Zsinpxdx put px=t dX— ; ff S pt
ﬂ'
2 rosint _ |2 ®m _|m sint T
\/;fo t.dt—\/;.z —\/; smcef—dt—z)

12. Find the Fourier sine and cosine transform of Xe_ax

Sol. Let f(x)=e™

Fourier sine Transform:

we knowthat F (1)} = {F (o) = (% (4]
It ol i e
Fourier cosine Transform:

We know that F, {X.f (X)}:;_p[Fs(P)}:d%[Fs{f (x)}]
Fc{x.e‘a*}:d%[ﬁ{e‘“}] :p[p ﬁa j (p? +(ap )+a ;.(ZD)Z(Z:;;)Z
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13. Find the Fourier sine transform of . X . and Fourier cosine transform of . 1 .
a +Xx a +X

Sol.  Fourier sine transforms:

We have Fs {eiax}: agfpz = Fs(p)

Zr P_sin pxdp

The inverse Fourier sine transforms of € ° is €™ :—J F(p)sinpxdp==| ——
r0 rhat+p

= pSin px T o
dp=—e
o a’+p° P 2
Changing p to x and x to p, we get

or

= X T
j —sinxpdx=—¢e™*
0a°+X 2

X T o
Hence Ly Z——= (= 5@
S{a2+x2} 2

Fourier cosine Transform:

a a
We havch{e }: ol +a’ :Fc(p)

) . i —ax
The inverse Fourier cosine transformof € IS

2" 2¢» a » 1 T o
e —;L Fc(p).cos pxdp:;j0 i cos pxdp orJ‘O p2+aZCOSdep:£e

Changing p to x and x to p

o 1 T
J ——CosXp.dx=—e*
0 X" +a 2a

T _—a
Hence FC{ > 2}z—.e P

—ax

14. Find the Fourier sine and cosine transform of f (x) :e— and deduce that
X

—ax —bx
j' € ~® sinsxdx=Tan™ [Ej —Tan™ (—j
0 X a

Sol.  Fourier Sine Transforms:

Olwn
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We have F, {F(x)}=["f (x)sin prax

—ax
© @ :
:j ——.sin pxdx
0 X

LRAT(X)) :J':%.sin pxdx

Differentiation w.r.t ‘p’, we get

] )]

©0 (e ™ . »€
= == =| ——.x.cos pxdx
. 6p( < sin pxjdx J.O » p

0

P | e .
_J‘O e™.cos pxdx _le e (—acos px+ psin px)}

0

d a
—[R{f(x)}]=
SR
Integrating w.r.t. p

© a _Tantl P
Fs{f(x)}:j0 p2+a2dp =Tan [aj+c

Ifp=0then F, {f (x)}=0andc=0

S

~ R (x)) :Tan‘l(%) if p>0
or F, {?}ZTan‘l(%)-if P>0 ... (1)

Deduction: We know that the Fourier sine transform of f(x) is given by
FA{f (X)}:J’:’f (X)sin pxdX ......ccoooonen. )

e _ e—bx

suppose let T (X) 3 T e (3)

Using (3) in (2), we get
» e—ax _e—bx ) w» e—ax ) »
IO Tsm px dx =IO 7.sm pxdx—J.0

e—bx
X

.Sin px dx
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=F, {%}_ F {exbx} :Tan‘l(%)—Tan‘l(%)[using 1)]

or J‘O""%sin sxdx =Tan™ (%) ~Tan™ (%)

Fourier Cosine Transform:

We have F, {e‘ax} = o7 iaz = Fc(p)

The inverse Fourier cosine transform of e ®is

a
p’+a

1
p?+a’

ax

> C0s pxdp orI:’

—ax 2 © 2 0
e =;jo Fc(p).cospxdp:;I0

Changing p to x and x to p

V-
oS pxdnge

= 1 T
j ——cosxp.dx=—e¢*
0 X" +a 2a

1 T
Hence F =—g®
‘ { x* +a’ } 2a

15. Find the finite Fourier sine & cosine transform of f(x),

defined by f(x)=2x, where o <x<2r

Sol.  We have Fs{f(x)}zﬂf(x).sin(nlﬂdx

2 (X 2 w 4. x["
:j 2x.sin| — |dx =2 ==X.C0s—+—Sin—
2 n 2 n

4r 4 . _
=2 ——C0snz+—SINN7 | = ﬁcos nz
0 2 " " "

_ 8772'(_1)n+l — F.(n)
AlsoF { f (x)} :L: f (x).cos[@jdx

2z
2 nx
:j 2x.cos[—)dx:2 g.x.sin%+i2cos%
0 2 n 2 2
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4 8 N
2{:smn7r+nicosnﬂ—n—z} an—<005n7f 1) 7 [(‘1) ‘1}:5(”)

16. Find the finite Fourier sine transform of f(x), defined by f(x) =2x, where o<x<4

Sol:-The finite fourier sine transform of f(x) in O<x<lI

F { f (x)} = J;: f (x).sin@dx Here f(x) = 2x and 1=4

4 4
:[—ixcos@} +£[sin@} =—£(COSH7[—O)+O=—2(—1)H
, nNm y Nz nz

1-cosnz

17. Find the inverse finite sine transform f(x) if F (”) = nz—ﬁthereO <X<7

Sol.  From the inverse finite sine transform, we have
2& C(nax) 2&(1-cosnr ) . 2 (1-cosnr) .
f(x)=2YF (n)sin| == ==Y | ——5— smnx:—32 ——— [sinnx
I I T\ Nz n?

18. Find the inverse finite cosine transform f(x), if

Fc(n):w

(2 1)2 ,whereO< x<4
n+

Sol.  From the inverse finite cosine transform, we have

f(x)= ZF cos(nij

cos(zn”)
nzX o
=—1+ EF cos( j 115 8 Jeo

nzX
ceol )
4 2n—1 (2n+1) 4
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