UNIT-1
SIGNALS & SYSTEMS
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UNIT-1
SIGNALS & SYSTEMS

Signal : A signal is defined as a time varying physical phenomenon which is intended to
convey information. (or) Signal is a function of time. (or) Signal is a function of one or more
independent variables, which contain some information.

Example: voice signal, video signal, signals on telephone wires , EEG, ECG etc.

Signals may be of continuous time or discrete time signals.

System : System is a device or combination of devices, which can operate on signals and
produces corresponding response. Input to a system is called as excitation and output from it is
called as response.

For one or more inputs, the system can have one or more outputs.

Example: Communication System

Input «—— _» Output
Or <«—— System — or
Excitation < —* Response

Elementary Signals or Basic Signals:
Unit Step Function

Unit step function is denoted by u(t). It is defined as u(t) = 1 when t > 0 and

0O whent<0
()

e Itis used as best test signal.
e Area under unit step function is unity.
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Unit Impulse Function

1 &=
Impulse function is denoted by d(t). and it is defined as d(t) = { 8 s

5(t)
00
f 5(t)dt = u(?)
1 —00
du(t)
> t —=
0 t o) dt
Ramp Signal
ft t=0

Ramp signal is denoted by r(t), and it is defined as r(t) = l 0 t<0

» 0

2 _/'/ fu(t)zflzt:r(t)

dr(t)
dt

N

0 1 2 t u(t) —

Area under unit ramp is unity.

Parabolic Signal

#/2 t=0

Parabolic signal can be defined as x(t) = { 0 t<0
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M x{t]

0 t
$+2
f/u(t)dt = fr(t)dt = ftdt =g parabolicsignal
d?z(t)
= ul(t) = ———
W)= 3
dz(t)
= (1) =
)=~

Signum Function

1 £t = 0
O 2 = 0
Signum function is denoted as sgn(t). It is defined as sgn(t)= L —1 # < O
A sgnft)
1
.D -
_________ -1

sgn(t) =2u(t) — 1

Exponential Signal
Exponential signal is in the form of x(t) = e*

The shape of exponential can be defined by a
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Casei:ifa=0—x(t)=e’=1

s I(T]

L

Caseii: if < 0 i.e. -ve then x(t) = e
. The shape is called decaying exponential.

* I{T]

N

N

Case iii: if o> 0 i.e. +ve then x(t) = e”
. The shape is called raising exponential.

+ X(1)
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Rectangular Signal

Let it be denoted as x(t) and it is defined as

x(t) = A rect [%]

A X(t)
A
- >
-T/2 T/2 t
Triangular Signal
Let it be denoted as x(t)
Izl
N=A|1-—=
x(1) [ A
X(t)
A
B
1 >
T T .

Sinusoidal Signal

-
ex: 4 rect | —
5]
A Xt)
4,
3 3
ex:x(r) =A [l = E
5
Xit)
.
A
5 5

Sinusoidal signal is in the form of x(t) = A cos(Wo* ¢) or A sin(WyE ¢)

AX(1)

Where Ty = 27/wy
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Classification of Signals:

Signals are classified into the following categories:

e Continuous Time and Discrete Time Signals
e Deterministic and Non-deterministic Signals
e Even and Odd Signals

e Periodic and Aperiodic Signals

o Energy and Power Signals

e Real and Imaginary Signals

Continuous Time and Discrete Time Signals

A signal is said to be continuous when it is defined for all instants of time.

Amplitude
M

/ time

A signal is said to be discrete when it is defined at only discrete instants of time/

A

|
! . .
v discrete time

Deterministic and Non-deterministic Signals
A signal is said to be deterministic if there is no uncertainty with respect to its value at

any instant of time. Or, signals which can be defined exactly by a mathematical formula are
known as deterministic signals.
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- \, . time
Wi - v

A signal is said to be non-deterministic if there is uncertainty with respect to its value at

some instant of time. Non-deterministic signals are random in nature hence they are called

random signals. Random signals cannot be described by a mathematical equation. They are
modelled in probabilistic terms.

voltage
A

time

Even and Odd Signals
A signal is said to be even when it satisfies the condition x(t) = x(-t)
Example 1: t, t*... cost etc.

Let x(t) = t*

x(-t) = (-t)* = t* = x(t)

= % is even function

Example 2: As shown in the following diagram, rectangle function x(t) = x(-t) so it is also even
function.
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X(t)

Y

-T/2 T/2 t

A signal is said to be odd when it satisfies the condition x(t) = -x(-t)
Example: t, t* ... And sin t
Let x(t) =sin t
x(-t) = sin(-t) = -sin t = -x(t)
<~ sin t is odd function.
Any function f(t) can be expressed as the sum of its even function f(t) and odd function f(t).
J@)=fet) + folt)
where
fet) ="72f(t) +f(-1)]
Periodic and Aperiodic Signals
A signal is said to be periodic if it satisfies the condition x(t) = x(t + T) or x(n) = x(n + N).
Where
T = fundamental time period,

1/T = £ = fundamental frequency.
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< >
The above signal will repeat for every time interval T hence it is periodic with period T.
Energy and Power Signals

A signal is said to be energy signal when it has finite energy.

o0
Energy E = / x? (t)dt
— O

A signal is said to be power signal when it has finite power.

1 T
Power P = lim — x°(t)dt
T—o0 2T S b

NOTE:A signal cannot be both, energy and power simultaneously. Also, a signal may be neither
energy nor power signal.

Power of energy signal = 0
Energy of power signal = o

Real and Imaginary Signals

A signal is said to be real when it satisfies the condition x(t) = x*(t)
A signal is said to be odd when it satisfies the condition x(t) = -x*(t)
Example:
If x(t)= 3 then x*(t)=3*=3 here x(t) is a real signal.
If x(t)= 3j then x*(t)=3j* = -3j = -x(t) hence x(t) is a odd signal.
Note: For a real signal, imaginary part should be zero. Similarly for an imaginary signal, real
part should be zero.
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Basic operations on Signals:

There are two variable parameters in general:

1. Amplitude
2. Time

(1) The following operation can be performed with amplitude:
Amplitude Scaling
C x(t) is a amplitude scaled version of x(t) whose amplitude is scaled by a factor C.

adx ()
0.5 x (t)
x (1) a | ~

Addition

Addition of two signals is nothing but addition of their corresponding amplitudes. This

can be best explained by using the following example:
X1 (%)

........................................ >
3 3 t
+
-~
5 x2 1)
-10 I w0 Ot
t
, Az
2
| > .
10 -3 3 10

As seen from the previous diagram,
-10 <t < -3 amplitude of z(t) = x;(t) + x2(t) =0 +2 =2
-3 <t <3 amplitude of z(t) = x;(t) + xa(t) =1 +2=3

3 <t< 10 amplitude of z(t) = x;(t) + x2(t) =0+ 2 =2
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Subtraction

subtraction of two signals is nothing but subtraction of their corresponding amplitudes.
This can be best explained by the following example:

X1 (t)
A
1
>
3 3 t
F.)
2 | x2 (t)
10 | e
az(t)
>
10 -3 13 10
-2

As seen from the diagram above,
-10 <t < -3 amplitude of z (t) = x;(t) - X2(t) =0-2=-2
-3 <t <3 amplitude of z (t) = x;(t) - x2(t) = 1 -2 = -1

3 <t <10 amplitude of z (t) = x;(t) - x2(t) =0-2=-2

Multiplication

Multiplication of two signals is nothing but multiplication of their corresponding
amplitudes. This can be best explained by the following example:
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1
-3 3
+
oo

> x2 (t)
-10 10

> sz (t)
-10 -3 3 10

As seen from the diagram above,

-10 <t < -3 amplitude of z (t) = x;(t) xx(t) =0 x2=0

-3 <t <3 amplitude of z (t) = x;(t) - Xa(t) =1 X2 =2
3 <t< 10 amplitude of z (t) = x;(t) - x2(t) =0 x 2 =0

(2) The following operations can be performed with time:

Time Shifting

x(t *tp) is time shifted version of the signal x(t).

X (t +tg) —negative shift
X (t - tp) —positive shift

x(t)

Time Scaling

x(t-ty) |

/\

x(t +t,) |

x(At) is time scaled version of the signal x(t). where A is always positive.
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|A| > 1 — Compression of the signal

|A| <1 — Expansion of the signal

x(t) T x(2t) T xt/2) T

Note: u(at) = u(t) time scaling is not applicable for unit step function.

Time Reversal

x(-t) is the time reversal of the signal x(t).

xt) | x(-t) |
2 ’ -2

Classification of Systems:

Systems are classified into the following categories:

e Liner and Non-liner Systems

e Time Variant and Time Invariant Systems

e Liner Time variant and Liner Time invariant systems
e Static and Dynamic Systems

e (Causal and Non-causal Systems

e Invertible and Non-Invertible Systems

o Stable and Unstable Systems
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Linear and Non-linear Systems
A system is said to be linear when it satisfies superposition and homogenate principles.

Consider two systems with inputs as x;(t), x2(t), and outputs as y;(t), y2(t) respectively. Then,
according to the superposition and homogenate principles,

T [a1 xi(t) + a2 xao(t)] = a1 T[x1()] + a2 T[x2(t)]

< T [ag xi(t) + ap xo(t)] = a5 yi(t) + a2 ya(t)

From the above expression, is clear that response of overall system is equal to response of
individual system.

Example:
y() = x*(t)
Solution:

yi () =T[xi()] = x,(1)
y2 (1) = T[xa(D)] = x2°(1)
T [a; xi(t) + a2 X2(t)] = [ a1 x;(t) + 22 x2(t)]
Which is not equal to a; y;(t) + a; y»2(t). Hence the system is said to be non linear.

Time Variant and Time Invariant Systems

A system is said to be time variant if its input and output characteristics vary with time.
Otherwise, the system is considered as time invariant.

The condition for time invariant system is:

y (n,t) = y(n-t)
The condition for time variant system is:

y (n,t) # y(n-t)
Where y (n, t) = T[x(n-t)] = input change

y (n-t) = output change
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Example:
y(n) =x(-n)
y(n, t) = T[x(n-t)] = x(-n-t)
y(n-t) = X(-(n-t)) = x(-n + 1)

. y(n, t) # y(n-t). Hence, the system is time variant.

Liner Time variant (I.TV) and Liner Time Invariant (I.TI) Systems

If a system is both liner and time variant, then it is called liner time variant (LTV) system.

If a system is both liner and time Invariant then that system is called liner time invariant (LTT)
system.

Static and Dynamic Systems
Static system is memory-less whereas dynamic system is a memory system.
Example 1: y(t) = 2 x(t)

For present value t=0, the system output is y(0) = 2x(0). Here, the output is only dependent upon
present input. Hence the system is memory less or static.

Example 2: y(t) = 2 x(t) + 3 x(t-3)
For present value t=0, the system output is y(0) = 2x(0) + 3x(-3).

Here x(-3) is past value for the present input for which the system requires memory to get this
output. Hence, the system is a dynamic system.

Causal and Non-Causal Systems

A system is said to be causal if its output depends upon present and past inputs, and does not
depend upon future input.

For non causal system, the output depends upon future inputs also.
Example 1: y(n) =2 x(t) + 3 x(t-3)
For present value t=1, the system output is y(1) = 2x(1) + 3x(-2).

Here, the system output only depends upon present and past inputs. Hence, the system is causal.
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Example 2: y(n) =2 x(t) + 3 x(t-3) + 6x(t + 3)

For present value t=1, the system output is y(1) = 2x(1) + 3x(-2) + 6x(4) Here, the system output
depends upon future input. Hence the system is non-causal system.

Invertible and Non-Invertible systems

A system is said to invertible if the input of the system appears at the output.

x(t) ha(t) y(t) = x(t)
hi() Invertible System '

Y(S) = X(S) HI(S) H2(S)
= X(S) HI(S) - 1(H1(S))
Since H2(S) = 1/( HI(S) )

% Y(S) = X(S)

— y(O) =x()

Hence, the system is invertible.

If y(t) # x(t), then the system is said to be non-invertible.

Stable and Unstable Systems

The system is said to be stable only when the output is bounded for bounded input. For a
bounded input, if the output is unbounded in the system then it is said to be unstable.

Note: For a bounded signal, amplitude is finite.
Example 1: y (t) = x*(t)

Let the input is u(t) (unit step bounded input) then the output y(t) = u2(t) = u(t) = bounded
output.

Hence, the system is stable.
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Example 2: y (t) = Ix(t)dt

Let the input is u (t) (unit step bounded input) then the output y(t) = I u(t)dt = ramp signal
(unbounded because amplitude of ramp is not finite it goes to infinite when t — infinite).

Hence, the system is unstable.

Analogy Between Vectors and Signals:

There is a perfect analogy between vectors and signals.

Vector

A vector contains magnitude and direction. The name of the vector is denoted by bold
face type and their magnitude is denoted by light face type.

Example: V is a vector with magnitude V. Consider two vectors V; and V; as shown in the
following diagram. Let the component of V; along with V; is given by C;,V,. The component of
a vector V; along with the vector V, can obtained by taking a perpendicular from the end of V,
to the vector V, as shown in diagram:

Vs
CiaV2 Ve
The vector V; can be expressed in terms of vector V,
Vi=CpnpVy +V,

Where Ve is the error vector.

But this is not the only way of expressing vector V; in terms of V,. The alternate possibilities
are:

Vi=CV+V¢
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V=C, V2tV

S

CaVz  Vz

The error signal is minimum for large component value. If C;,=0, then two signals are said to be

orthogonal.
Dot Product of Two Vectors
Vi.V,=V,..V,cosb
0 = Angle between V1 and V2
V1. Vo=V, V),

From the diagram, components of V; along V,=C |, V,

i.- V5
Vo = Ch12Vy
Vi. Vs
Climi=ic—
= 5 Vs
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Signal

The concept of orthogonality can be applied to signals. Let us consider two signals f(t) and f,(t).
Similar to vectors, you can approximate fi(t) in terms of fy(t) as

fi1(t) = Ci2 f2(t) + fe(t) for (11 <t <tp)
= fe(t) = fl(t) —Cp2 fz(t)

One possible way of minimizing the error is integrating over the interval t; to t,.

1 ta
— f f. (8)]dt

- f A1) — Crafa(®)]dt

ta — 1 Jyy

However, this step also does not reduce the error to appreciable extent. This can be corrected by
taking the square of error function.

R NG

= 1 [2[fo(t) — Crafol2dt

Where ¢ is the mean square value of error signal. The value of C;; which minimizes the error,
you need to calculate de/dC12=0
[

dCys [fl( ) — Crafo(t)]?dt] = 0

—il j;l dcmfl (t) — dgl 2f1(t)Crafo(t) + df“zf ()O ]dﬁ:[]

=

"} _ti

Derivative of the terms which do not have C12 term are zero.

S [ —2£1(8) fat)dt + 2C1s [ [F2(B))dt = 0

fff fi(£)fy(t)dt . . :
If C1o = W component is zero, then two signals are said to be orthogonal.
t)dt
f.l 2

Put C;, = 0 to get condition for orthogonality.
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o = Ji hOnO
f:lﬁ FE(t)dt

tz

fi(#) fa(t)dt = 0
ty
Orthogonal Vector Space

A complete set of orthogonal vectors is referred to as orthogonal vector space. Consider a three
dimensional vector space as shown below:

Y
Fi
Yolooooooiana . A(X1Y1, Z4)
Vy
Vi r:x'l > X
Ve

7 ___________________________ =

Z

Consider a vector A at a point (X;, Y, Z;). Consider three unit vectors (Vx, Vy, Vz) in the
direction of X, Y, Z axis respectively. Since these unit vectors are mutually orthogonal, it
satisfies that

Vx. W =W.Vz=Vz.Vx =0

We can write above conditions as
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1 a =0

1“;-1’3:{
0 a+*b

The vector A can be represented in terms of its components and unit vectors as

A=X\Vx+YITWBW+Z1Vzeuueeeiaen..... (1)

Any vectors in this three dimensional space can be represented in terms of these three unit
vectors only.

If you consider n dimensional space, then any vector A in that space can be represented as
A=XiVx + Y1V + Z1Vz+...+N1Vy..... (2)

As the magnitude of unit vectors is unity for any vector A
The component of A along x axis = A.Vx
The component of A along Y axis = A.Vy
The component of A along Z axis = A.Vy

Similarly, for n dimensional space, the component of A along some G axis

Substitute equation 2 in equation 3.

= CG = (X1)Vx + Y1 W» + Z1Vz+...+G1Vg. .. +N1VN) Vg
=X\ VxVg + YIW Ve + Z1VzVe+...+G1 Ve Ve. .. + N1 VN Ve
=Gy since VgVe =1

FRaaetd be i =5

AVe =G VeVe = G1K

AV
G =" IC)
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Orthogonal Signal Space

Let us consider a set of n mutually orthogonal functions x(t), x(t)... xn(t) over the
interval t; to t,. As these functions are orthogonal to each other, any two signals x;(t), xi(t) have
to satisfy the orthogonality condition. i.e.

ta
/ z;j(t)xy(t)dt = 0 wherej # k

ty

to
Let / z3 (t)dt = ky,

i

Let a function f{t), it can be approximated with this orthogonal signal space by adding the
components along mutually orthogonal signals i.e.

f(t) = Ciz1(t) + Coxa(t)+. . . +Crzp(t) + fe(t)
=Xr_ C.z.(1)

f(t) = f(t) — X7_, Cra,(2)

Mean sqaure error € = i;iz f fe(t)]%dt

1 K L .
e —n ft (£]¢] — ;Opxr(t)]zdt

The component which minimizes the mean square error can be found by

de de de

0

ac; des 7 dCe

‘ de __
Let us consider o = 0
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d 1 tz :
t) — 2 C.z,.(t)]*dt] =
de [tg = tl A [f( ) T:ICT':ET’( )] ] 0

All terms that do not contain Cy is zero. i.e. in summation, r=k term remains and all other terms

arc z€ro.

ta ta
f —2f(t)zx()dt + 2C), | [22()]dt = 0

le i[

;2 f(t)zr(t)at
int,? 22 (t)dt

= L=

b
= f(t)zy(t)dt = Cr Ky

5]

Mean Square Error:

The average of square of error function f(t) is called as mean square error. It is denoted by ¢
(epsilon).

m

iz—ltl J:Q [fe(t)]zdt
: tiz [fe (t) N Erzlcf‘mr(t)]th

la—1

L [[2[f2(D)dt + B_, C? [[* a}(t)dt — 257, C, [ x,(t) f(t)dt

You know that C? [;* 23 (t)dt = C, [” z,(t) f(d)dt = C}K,

£ =

L_[[2[f2($))dt + Br_, C2K, — 257 C2K,]

ta—t L

2 [F2(0)dt — =, G2 K]

ta—1

se= 2 [[2[fA(t)dt + (C2K;y + C2Ky+...+C2Ky,))]

t—t Yt
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The above equation is used to evaluate the mean square error.

Closed and Complete Set of Orthogonal Functions:

Let us consider a set of n mutually orthogonal functions x;(t), Xa(t)...xy(t) over the interval
t; to to. This is called as closed and complete set when there exist no function f(t) satisfying the
condition

[ f(t)ax(t)dt = 0

If this function is satisfying the equation

Jf f(t)zi(t)dt =0

For k=1,2,.. then f(t) is said to be orthogonal to each and every function of orthogonal set.
This set is incomplete without f(t). It becomes closed and complete set when f(t) is included.

f(t) can be approximated with this orthogonal set by adding the components along mutually
orthogonal signals i.e.

f(t) = Crz1(t) + Cozs(t)+. .. +Chzp(t) + fe(t)

If the infinite series C1 21 (t) + Coxo(t)+. .. +Chx,(t) converges to ft then mean square error s
zero.

Orthogonality in Complex Functions:
If fi(t) and f,(t) are two complex functions, then fi(t) can be expressed in terms of f,(t) as
[i(H)=C,fo(2).. with negligible error

[ 0 f @)at

Where (1o =
J2 15,0 at

Where f,'(t) is the complex conjugate of f(t)

If fi(t) and f,(t) are orthogonal then C;, =0
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2 [ f3 (D)t
[ 1 £a(t) Pt

t
= [ fi(t)f3(dt) =0

ty

The above equation represents orthogonality condition in complex functions.
Fourier series:

To represent any periodic signal x(t), Fourier developed an expression called Fourier
series. This is in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses
orthoganality condition.

Jean Baptiste Joseph Fourier,a French mathematician and a physicist; was born in
Auxerre, France. He initialized Fourier series, Fourier transforms and their applications to

problems of heat transfer and vibrations. The Fourier series, Fourier transforms and Fourier's
Law are named in his honour.

Fourier Series Representation of Continuous Time Periodic Signals
A signal is said to be periodic if it satisfies the condition x (t) =x (t + T) or x (n) =x (n + N).
Where T = fundamental time period,

wo= fundamental frequency = 2n/T

There are two basic periodic signals:
x(#)=coswot(sinusoidal) &

X(t)=€jwor(complex exponential)

These two signals are periodic with period 7=27/w0

. A set of harmonically related complex exponentials can be represented as { @k(f)}
_ kwet 1 k(22 )t _
dr(t) = {&™} = {7/ }wherek =0+ 1,+2..n ..... (1)

All these signals are periodic with period T
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According to orthogonal signal space approximation of a function x (t) with n, mutually
orthogonal functions is given by

o

z(t)= ) age™E .(2)

1:_&:l
00

= Z ag k‘ejkw“t

k=—00

Where a; = Fourier coefficient = coefficient of approximation.

This signal x(t) is also periodic with period T.

Equation 2 represents Fourier series representation of periodic signal x(t).
The term k = 0 is constant.

The term k=+1 having fundamental frequency wy , is called as 1* harmonics.

The term k=+2 having fundamental frequency 2wy , is called as 2" harmonics, and so on...

The term k=+n having fundamental frequency nwo, is called as n™ harmonics.

Deriving Fourier Coefficient

We know that

sl =E0 e, ()

Multiply € 7" on both sides. Then

o0
$(t)6_‘?nwﬂt — E akejkwnt . E—jnwgt

k——o00

Consider integral on both sides.
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